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The Bures-Wasserstein manifold S¢, is the
space of symmetric positive definite matrices.
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Wo (Wi, Np)? = Il — a2 + Tr(Ss + 55 - 2(Z1/28,512)Y

%, =[0.8,—0.4; —0.4,0.6] %, =[1.5,0.3; 0.3, 1.2]

Why BW?
 BW reduces Frobenius “swelling effect”,

« BW does NOT require matrix logarithms,
unlike affine-invariant (Fisher-Rao) and log-
Euclidean metrics.

Frechet Regression

Global Frechet Regression: Given n indepen-
dent samples (Xk,Yk) ~ F,

ma(z )—argmln ZSGk )d* (Y, w), (1)
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where Sgyk(l‘) =1+ (Xk — X’)TZ_l(x — X)
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- Problem statement Large-scale ~ Large-scale Diffusion Tensor Imaging (DTI) ey M H-

Problem: Given n SPD matrices > and their
weights A\, € R, for £ € {1,...,n}, such that
Zk:l . = 1, we want to solve

min F(S) :=» \W5 (S, S) (2)
Sesq k=1
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for A\, A7 > 0,Z={k : \x > 0}, T={k : X\ < 0}.

Example (Negative weights): Let X\ =2,
A= —1, ¥ = I, ¥y = 9I, and f(5) :=
MW3E(S,31) + MaWZ(S,%,). Then, the gradient
VIS) =0

Theorem: Let>,...,%, € S, and Ay, ..., \,€R
with >~ _, Ax = 1. If the Spectral Dominance of
Positive Weights condition holds, I.e.,

ZAT\/Amin(E@) > Z Ay \/)\max(zj), (3)
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then Problem (2) admits a solution.

Theorem: Let X, < S++, for k € {1,...,n}, \ = Bounded Region: If the condition (3) holds, then:
min Apin (Xx) and Sy = {Z = S++ )\mm(Z) >
A} Denote jip = 3300, i = Yo A7 Assume (37 i (S0) = D0 AT 4 Amax(S)) ) I<S8..
that there exist p > 0, r > 0 and > € S,\ such that icT ied
* Y € B.(Xp) forall k € {1,...,n}, where B, (%) N

IS the geodesic ball centered at > with radius r, (Z A; \/)‘maX Z Aj \/)‘mm ) = 5

1€ jedJ
* < p/(pt + p-),

c p < VA2,
. BP(ZO) C 5)\, and
* i /p— > (2pV/AT)/(tanh(2pVAT)).

Then, there is a unique minimizer in B,(X).

No local maximum: S, Is not a local maximum.

Algorithm 1 General BWGD

1: Input: SPD matrices X i, weights A, initial .Sy,
step-size n, epochs T..

Network Regression with Ant Social Networks

2: fori =1,2,..., T do

3 Sp=(1- )[+ N3 ne1 M GM(S, 2, 3)
4: ] =V F(Si-1)

D: St — StSt_lst

6:  /expg, , (—NVowl'(5t-1))
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7. end for
8: Return > = S+

NOTE: Convergence rate O(1/7") withn < 1/L.
With condition (3), Algorithm 1 is projection-free

Large-scale Reformulation

F(S) =) MNW3(5,%:) =) A W3S, %))
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for A, A7 >0, pyi= 30, A ui=30 A7, S eS¢,
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- LA Stochastic Gradient:
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Conditions for Pairwise Formulation:

I~ (1 GM(S ™, 8) —p-GM(5 1, %))

(u+)rzrg%1\/ Amin(25) > (p— )gng\/ Amax (2;5)

Visualization of tensors



