Preserving Manifold Structure in Landmark Coresets
Morse-Seeded Sampling on kNN Graphs
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Core result at 10 x compression (n = 2500, m = 250): MorseSeeded-FF preserves FarthestFirst-level coverage on Swiss Roll and Two Moons, while SCC-aware variants increase recall of high-boundary structural nodes. The method targets coverage + graph structure, not only minimum average distortion.
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Structure is preserved when coverage remains competitive and selected landmarks represent recurrent/boundary graph regions. o A
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The sampler first exposes graph structure, then uses structural seeds before a global farthest-first fill. This replaces a purely distance-based selection with a ‘Q' Two Moons: density potential o(/) — SCC-boundary score — 1.0 Top SCC sizes: 104 SCCs
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This keeps the coverage behavior of farthest-first while forcing early representation of recurrent or transition regions. a a udget m 3 3 udget m
Landmark geodesic approximation. Let « Boundary signature: high boundary-score nodes appear near sparse transitions, manifold ends, and interfaces between SCCs.
a(i) = arg rglel}} |zi — | This is the main performance story: as the landmark budget grows, MorseSeeded-FF stays close to FarthestFirst in coverage, while SCC-aware methods increase boundary recall. Distortion decreases with budget but does * Recurrent signature: large SCCs indicate dominant recurrent basins; small SCCs often capture local boundary or transition
be the nearest landmark to x;. We approximate full-graph geodesics by not uniformly favor structural sampling. fragments.
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where dg, is shortest-path distance on the landmark kNN graph. 6. Complete Error Profile: Mean, Median, p95, Max
I — 9. Discussion and Takeaways
Heuristic error decomposition.
llzi = zall2 + |25 = 2agyll2 + |da, (i), al4)) — da(i, §)] Swiss Roll mean med ian p95 max Contribution. We propose a structure-aware landmarking method for kNN graphs: use a Morse/SCC proxy to seed graph-relevant

(i ) — deli. regions, then use farthest-first traversal to keep coverage competitive.
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& Empirical signal. On structured datasets, the method preserves coverage while improving representation of high-boundary
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| | | . F F O 41 1 O ] 382 O ] 80 1 9 ] 1 93 Relative to what? Error is computed against the full KNN shortest- regions. The strongest evidence is the budget sweep plus visual boundary recall: structural sampling changes which graph roles
Thus, low distortion requires both small attachment cost and a landmark graph that preserves the relevant KNN connectivity. path distance d¢(i, §) are represented.

KM edns 0388 0346 0788 6254 Why report max? Median alone hides outliers. On Swiss Roll, How to read the evidence.

MSeed-FF has competitive median/p95 behavior and the lowest » Where it helps most: Swiss Roll and Two Moons show the clearest structural benefit because boundary or transition regions
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coverage attachment structural mismatch
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, Boundary recall at top 10%. Let B, be the top 10% of all nodes ranked by SCC-boundary score b(i). We report are visually and graph-topologically meaningful.

observed maximum error, suggesting fewer catastrophic landmark-
Rio(L) = M M Seed - F F O . 4 1 3 O . 379 O . 792 3-654 geodesic failures in this run. % | P « What improves: SCC-aware methods raise R, by placing more landmarks near recurrent/boundary regions, even when average
| Bl Reading the table. Mean reflects average distortion, median cap- geodesic error does not uniformly improve.

Here, 10% refers to nhodes ranked by boundary score, not the coreset size. Higher R, means the sampler better captures M SCC O 408 O . 346 O . 840 8 . 069 tures the typical case, p95 highlights tail behavior, and max shows - What weakens on real data: Digits PCA has a weaker structural signal, suggesting that density-flow SCCs are most helpful

transition, interface, or recurrent-boundary regions. worst-case failures. Reporting all four avoids over-claiming from a when the manifold geometry is clearer.
. R andO m 0.390 0.305 0.798 13.380 single summary statistic. Limitation. Structural recall and geodesic distortion are not identical objectives. The current method exposes this trade-off rather
than hiding it. Future work should use multi-scale Morse summaries, adaptive budget allocation, and a reproducible public code

package.

10. Final Contribution, Empirical Signal, and Limitation

Contribution Empirical signal Limitation
MorseSeeded-FF turns landmarking into a graph-structural sampling problem: compute SCCs of a directed density flow, At 10 x compression, coverage remains near FarthestFirst on Swiss Roll and Two Moons, while SCC-aware variants Structural recall and geodesic distortion are different objectives. Next: multi-scale Morse summaries, adaptive budget
seed graph-relevant regions, then fill by farthest-first coverage. improve recall of recurrent/boundary nodes. allocation, and a public reproducible package.
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