From Graphons to Graphlets: A Graph-Limit Lens on Sparse Neural
Connectivity and Training
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This perspective builds on recent progress connecting graph limits to pruning. Pham et al. proposed the Graphon Limit
Hypothesis and a Graphon NTK for pruning masks in fixed-density regimes [4]. Our contribution is to sharpen that line
into a graph-limit regime map: we identify when graphon language is appropriate, when it provably loses resolution, and
why sparse regimes call for normalized operator-level descriptors in the spirit of Chung’s graphlets framework [3].

On the theory side, we prove three structural results. First, random Bernoulli masks converge in probability to a
constant bipartite graphon, giving a null model for unstructured fixed-density sparsity. Second, a dense discrepancy
condition also forces convergence to the same constant limit, identifying a broad quasirandom regime in which mesoscale
heterogeneity disappears asymptotically. Third, if the retained density p,, — 0, then the unscaled mask kernel converges to
zero in bipartite cut distance. Conceptually, this last theorem is the key point: once density vanishes, adjacency-level
graphon summaries become asymptotically blind even though normalized structure may persist.

We support this picture with two empirical studies. First, the synthetic experiments in Fig. 1 mirror the theory: graphon-
side observables are informative in fixed-density settings but decay under vanishing density, whereas degree-normalized
spectral summaries continue to distinguish random sparse masks from planted modular sparse masks after graphon-side
collapse. Second, on 48 pruned MNIST subnetworks (4 pruning methods x 4 sparsity levels x 3 seeds), we compare
matched graphon-inspired and normalized spectral mask representations while controlling for pruning method and sparsity.
Normalized spectral features are especially informative for medium-horizon optimization behavior: cross-validated R? for
predicting 200-step relative loss drop improves from 0.67 to 0.81, and for predicting 200-step loss AUC from 0.54 to 0.76.
Thus, the proposed regime split is not only asymptotic: it already helps explain finite-width differences in how sparse
subnetworks train.

Overall, we propose a regime-aware graph-theoretic toolkit for sparse Al. Graphons provide the right first-order
continuum objects for fixed-density neural connectivity, but after density collapse the structurally meaningful descriptors
are normalized operator-level summaries that better capture modular sparse organization and its relation to training
dynamics. More broadly, the work positions graph limits as a principled language for understanding when structure in
Al systems is visible, when it is erased by the wrong asymptotic lens, and how network science can help turn sparse
connectivity from an engineering artifact into an analyzable driver of learning.
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