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Specifying to Gaussian degree distributions, it 
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Degree-generating  
function

Max Set Packing in a nutshell
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All together!



This holds for the MIS. 
That is, a specific set.



This holds for the MIS. 
That is, a specific set.

What happens if I give you 
 randomly chosen tasks?γ



expected capacity vs 
maximum capacity

This holds for the MIS. 
That is, a specific set.

What happens if I give you 
 randomly chosen tasks?γ



Estimation of expected parallel capacity



Estimation of expected parallel capacity

P(θ; γ, 𝒢D) ≃ (1 −
⟨k2⟩
2MD )

(θ
2)

( θ⟨k⟩2

2MD )
γ−θ
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No weights, simple networks,  
no control!!

A little too rigid…

Take-home #1
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Parallel CapacityGeneralization

Toward a Universal Law of Generalization
for Psychological Science

ROGER N. SHEPARD

A psychological space is established for any set of stimuli
by determining metric distances between the stimuli such
that the probability that a response learned to any stimu-
lus will generalize to any other is an invariant monotonic
function ofthe distance between them. To a good approx-
imation, this probability ofgeneralization (i) decays expo-
nentialiy with this distance, and (ii) does so in accordance
with one of two metrics, depending on the relation
between the dimensions along which the stimuli vary.
These empirical regularities are mathematically derivable
from universal principles of natural kinds and probabilis-
tic geometry that may, through evolutionary internaliza-
tion, tend to govern the behaviors of all sentient orga-
nisms.

T HE TERCENTENARY OF THE PUBLICATION, IN 1687, OF
Newton's Princqipa (1) prompts the question of whether
psychological science has any hope of achieving a law that is

comparable in generality (if not in predictive accuracy) to Newton's
universal law of gravitation. Exploring the direction that currently
seems most favorable for an affirmative answer, I outline empirical
evidence and a theoretical rationale in support of a tentative
candidate for a universal law of generalization.

Primacy of Generalization
Because any object or situation experienced by an individual is

unlikely to recur in exactly the same form and context, psychologys
first general law should, I suggest, be a law of generalization.
Learning theorists have seemed to suppose that a principle of
conditioning (through contiguity or reinforcement) could be pri-
mary and that how what is learned then generalizes to new
situations could be left for later formulation, as a secondary princi-
ple. Unfortunately, a full characterization of the change that even a
single environmental event induces in an individual must entail a
specification of how that individual's behavioral dispositions have
been altered relative to any ensuing situation. Differences in the way
individuals of different species represent the same physical situation
implicate, in each individual, an internal metric ofsimilarity between
possible situations. Indeed, such a metric exists at birth, when
habituation to one stimulus already exhibits unequal generalization
to different test stimuli (2).

Recognition that similarity is fundamental to mental processes
can be traced back over 2000 years to Aristotle's principle of
association by resemblance. Yet, the experimental investigation of
generalization did not get under way until the turn of this century,

when Pavlov found that dogs would salivate not only at the sound of
a bell or whistle that had preceded feeding but also at other
sounds-and more so as they were chosen to be more similar to the
original sound, for example, in pitch (3). Since then, numerous
experimenters have obtained empirical "gradients ofstimulus gener-
alization," relating the strength, probability, or speed of a learned
response to some measure of difference between each test stimulus
and the original training stimulus.
However, methods yielding reliable gradients of generalization

were not perfected until the middle of this century. In 1956,
Guttman and Kalish (4) demonstrated that Skinner's operant condi-
tioning technique ofintermittent reinforcement (5) could be used to
obtain orderly gradients ofgeneralization for animals. A pigeon that
was only intermittently permitted access to grain for pecking a
translucent key illuminated by light of a particular wavelength
would continue to respond long after termination of all reinforce-
ment (6). Guttman and Kalish could then measure stable rates of
responding to many different test wavelengths. And between 1955
and 1958, I established that orderly gradients of generalization
could be obtained from humans during identification learning-in
which subjects acquired, through correction of incorrect responses,
a one-to-one association between n stimuli (Munsell color chips, for
example) and n arbitrarily assigned verbal responses (7-9). The
frequency with which any stimulus led to the response assigned to
any other provided the measure ofgeneralization between those two
stimuli.

Apparent Noninvariance of Generalization
In striving to establish psychology as a quantitative science,

researchers had traditionally preferred to choose, as the independent
variable, a physical measure of stimulus difference-such as the
difference in wavelengths of lights, frequencies of tones, or angular
orientations of shapes. However, quantification does not in itself
guarantee invariance. Probability (or rate) of a generalized response
reliably decreased with physical difference from the training stimu-
lus. However, the way it decreased varied from one training
stimulus, sensory continuum, or species to another. Generalization
could even exhibit a nonmonotonic increase between stimuli sepa-
rated by certain special intervals-for example, between tones
separated by an octave (10), between hues at the opposite (red and
violet) ends of the visible spectrum (11), and between shapes
differing by particular angles related to inherent symmetries ofthose
shapes (12).
At midcentury, influential behavioral scientists (including the

neurophysiologist Karl S. Lashley and the mathematical learning
theorists Robert R. Bush and Frederick Mosteller) were reaching
the discouraging conclusion that there could be no invariant law of
generalization (13). If we took physical difference as the indepen-
dent variable, gradients ofgeneralization, reflecting properties ofthe
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THE PSYCHOLOGICAL REVIEW
THE MAGICAL NUMBER SEVEN, PLUS OR MINUS TWO:

SOME LIMITS ON OUR CAPACITY FOR
PROCESSING INFORMATION 1

GEORGE A. MILLER

Harvard University

My problem is that I have been perse-
cuted by an integer. For seven years
this number has followed me around, has
intruded in my most private data, and
has assaulted me from the pages of our
most public journals. This number as-
sumes a variety of disguises, being some-
times a little larger and sometimes a
little smaller than usual, but never
changing so much as to be unrecogniz-
able. The persistence with which this
number plagues me is far more than
a random accident. There is, to quote
a famous senator, a design behind it,
some pattern governing its appearances.
Either there really is something unusual
about the number or else I am suffering
from delusions of persecution.

I shall begin my case history by tell-
ing you about some experiments that
tested how accurately people can assign
numbers to the magnitudes of various
aspects of a stimulus. In the tradi-
tional language of psychology these
would be called experiments in absolute

1This paper was first read as an Invited
Address before the Eastern Psychological As-
sociation in Philadelphia on April IS, 19SS.
Preparation of the paper was supported by
the Harvard Psycho-Acoustic Laboratory un-
der Contract NSori-76 between Harvard Uni-
versity and the Office of Naval Research, U. S.
Navy (Project NR142-201, Report PNR-174).
Reproduction for any purpose of the U. S.
Government is permitted.

judgment. Historical accident, how-
ever, has decreed that they should have
another name. We now call them ex-
periments on the capacity of people to
transmit information. Since these ex-
periments would not have been done
without the appearance of information
theory on the psychological scene, and
since the results are analyzed in terms
of the concepts of information theory,
I shall have to preface my discussion
with a few remarks about this theory.

INFORMATION MEASUREMENT
The "amount of information" is ex-

actly the same concept that we have
talked about for years under the name
of "variance." The equations are dif-
ferent, but if we hold tight to the idea
that anything that increases the vari-
ance also increases the amount of infor-
mation we cannot go far astray.

The advantages of this new way
of talking about variance are simple
enough. Variance is always stated in
terms of the unit of measurement—
inches, pounds, volts, etc.—whereas the
amount of information is a dimension-
less quantity. Since the information in
a discrete statistical distribution does
not depend upon the unit of measure-
ment, we can extend the concept to
situations where we have no metric and
we would not ordinarily think of using
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Toward a Universal Law of Generalization
for Psychological Science

ROGER N. SHEPARD

A psychological space is established for any set of stimuli
by determining metric distances between the stimuli such
that the probability that a response learned to any stimu-
lus will generalize to any other is an invariant monotonic
function ofthe distance between them. To a good approx-
imation, this probability ofgeneralization (i) decays expo-
nentialiy with this distance, and (ii) does so in accordance
with one of two metrics, depending on the relation
between the dimensions along which the stimuli vary.
These empirical regularities are mathematically derivable
from universal principles of natural kinds and probabilis-
tic geometry that may, through evolutionary internaliza-
tion, tend to govern the behaviors of all sentient orga-
nisms.

T HE TERCENTENARY OF THE PUBLICATION, IN 1687, OF
Newton's Princqipa (1) prompts the question of whether
psychological science has any hope of achieving a law that is

comparable in generality (if not in predictive accuracy) to Newton's
universal law of gravitation. Exploring the direction that currently
seems most favorable for an affirmative answer, I outline empirical
evidence and a theoretical rationale in support of a tentative
candidate for a universal law of generalization.

Primacy of Generalization
Because any object or situation experienced by an individual is

unlikely to recur in exactly the same form and context, psychologys
first general law should, I suggest, be a law of generalization.
Learning theorists have seemed to suppose that a principle of
conditioning (through contiguity or reinforcement) could be pri-
mary and that how what is learned then generalizes to new
situations could be left for later formulation, as a secondary princi-
ple. Unfortunately, a full characterization of the change that even a
single environmental event induces in an individual must entail a
specification of how that individual's behavioral dispositions have
been altered relative to any ensuing situation. Differences in the way
individuals of different species represent the same physical situation
implicate, in each individual, an internal metric ofsimilarity between
possible situations. Indeed, such a metric exists at birth, when
habituation to one stimulus already exhibits unequal generalization
to different test stimuli (2).

Recognition that similarity is fundamental to mental processes
can be traced back over 2000 years to Aristotle's principle of
association by resemblance. Yet, the experimental investigation of
generalization did not get under way until the turn of this century,

when Pavlov found that dogs would salivate not only at the sound of
a bell or whistle that had preceded feeding but also at other
sounds-and more so as they were chosen to be more similar to the
original sound, for example, in pitch (3). Since then, numerous
experimenters have obtained empirical "gradients ofstimulus gener-
alization," relating the strength, probability, or speed of a learned
response to some measure of difference between each test stimulus
and the original training stimulus.
However, methods yielding reliable gradients of generalization

were not perfected until the middle of this century. In 1956,
Guttman and Kalish (4) demonstrated that Skinner's operant condi-
tioning technique ofintermittent reinforcement (5) could be used to
obtain orderly gradients ofgeneralization for animals. A pigeon that
was only intermittently permitted access to grain for pecking a
translucent key illuminated by light of a particular wavelength
would continue to respond long after termination of all reinforce-
ment (6). Guttman and Kalish could then measure stable rates of
responding to many different test wavelengths. And between 1955
and 1958, I established that orderly gradients of generalization
could be obtained from humans during identification learning-in
which subjects acquired, through correction of incorrect responses,
a one-to-one association between n stimuli (Munsell color chips, for
example) and n arbitrarily assigned verbal responses (7-9). The
frequency with which any stimulus led to the response assigned to
any other provided the measure ofgeneralization between those two
stimuli.

Apparent Noninvariance of Generalization
In striving to establish psychology as a quantitative science,

researchers had traditionally preferred to choose, as the independent
variable, a physical measure of stimulus difference-such as the
difference in wavelengths of lights, frequencies of tones, or angular
orientations of shapes. However, quantification does not in itself
guarantee invariance. Probability (or rate) of a generalized response
reliably decreased with physical difference from the training stimu-
lus. However, the way it decreased varied from one training
stimulus, sensory continuum, or species to another. Generalization
could even exhibit a nonmonotonic increase between stimuli sepa-
rated by certain special intervals-for example, between tones
separated by an octave (10), between hues at the opposite (red and
violet) ends of the visible spectrum (11), and between shapes
differing by particular angles related to inherent symmetries ofthose
shapes (12).
At midcentury, influential behavioral scientists (including the

neurophysiologist Karl S. Lashley and the mathematical learning
theorists Robert R. Bush and Frederick Mosteller) were reaching
the discouraging conclusion that there could be no invariant law of
generalization (13). If we took physical difference as the indepen-
dent variable, gradients ofgeneralization, reflecting properties ofthe
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that the probability that a response learned to any stimu-
lus will generalize to any other is an invariant monotonic
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imation, this probability ofgeneralization (i) decays expo-
nentialiy with this distance, and (ii) does so in accordance
with one of two metrics, depending on the relation
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psychological science has any hope of achieving a law that is

comparable in generality (if not in predictive accuracy) to Newton's
universal law of gravitation. Exploring the direction that currently
seems most favorable for an affirmative answer, I outline empirical
evidence and a theoretical rationale in support of a tentative
candidate for a universal law of generalization.

Primacy of Generalization
Because any object or situation experienced by an individual is

unlikely to recur in exactly the same form and context, psychologys
first general law should, I suggest, be a law of generalization.
Learning theorists have seemed to suppose that a principle of
conditioning (through contiguity or reinforcement) could be pri-
mary and that how what is learned then generalizes to new
situations could be left for later formulation, as a secondary princi-
ple. Unfortunately, a full characterization of the change that even a
single environmental event induces in an individual must entail a
specification of how that individual's behavioral dispositions have
been altered relative to any ensuing situation. Differences in the way
individuals of different species represent the same physical situation
implicate, in each individual, an internal metric ofsimilarity between
possible situations. Indeed, such a metric exists at birth, when
habituation to one stimulus already exhibits unequal generalization
to different test stimuli (2).

Recognition that similarity is fundamental to mental processes
can be traced back over 2000 years to Aristotle's principle of
association by resemblance. Yet, the experimental investigation of
generalization did not get under way until the turn of this century,

when Pavlov found that dogs would salivate not only at the sound of
a bell or whistle that had preceded feeding but also at other
sounds-and more so as they were chosen to be more similar to the
original sound, for example, in pitch (3). Since then, numerous
experimenters have obtained empirical "gradients ofstimulus gener-
alization," relating the strength, probability, or speed of a learned
response to some measure of difference between each test stimulus
and the original training stimulus.
However, methods yielding reliable gradients of generalization

were not perfected until the middle of this century. In 1956,
Guttman and Kalish (4) demonstrated that Skinner's operant condi-
tioning technique ofintermittent reinforcement (5) could be used to
obtain orderly gradients ofgeneralization for animals. A pigeon that
was only intermittently permitted access to grain for pecking a
translucent key illuminated by light of a particular wavelength
would continue to respond long after termination of all reinforce-
ment (6). Guttman and Kalish could then measure stable rates of
responding to many different test wavelengths. And between 1955
and 1958, I established that orderly gradients of generalization
could be obtained from humans during identification learning-in
which subjects acquired, through correction of incorrect responses,
a one-to-one association between n stimuli (Munsell color chips, for
example) and n arbitrarily assigned verbal responses (7-9). The
frequency with which any stimulus led to the response assigned to
any other provided the measure ofgeneralization between those two
stimuli.

Apparent Noninvariance of Generalization
In striving to establish psychology as a quantitative science,

researchers had traditionally preferred to choose, as the independent
variable, a physical measure of stimulus difference-such as the
difference in wavelengths of lights, frequencies of tones, or angular
orientations of shapes. However, quantification does not in itself
guarantee invariance. Probability (or rate) of a generalized response
reliably decreased with physical difference from the training stimu-
lus. However, the way it decreased varied from one training
stimulus, sensory continuum, or species to another. Generalization
could even exhibit a nonmonotonic increase between stimuli sepa-
rated by certain special intervals-for example, between tones
separated by an octave (10), between hues at the opposite (red and
violet) ends of the visible spectrum (11), and between shapes
differing by particular angles related to inherent symmetries ofthose
shapes (12).
At midcentury, influential behavioral scientists (including the
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that the probability that a response learned to any stimu-
lus will generalize to any other is an invariant monotonic
function ofthe distance between them. To a good approx-
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universal law of gravitation. Exploring the direction that currently
seems most favorable for an affirmative answer, I outline empirical
evidence and a theoretical rationale in support of a tentative
candidate for a universal law of generalization.
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Because any object or situation experienced by an individual is

unlikely to recur in exactly the same form and context, psychologys
first general law should, I suggest, be a law of generalization.
Learning theorists have seemed to suppose that a principle of
conditioning (through contiguity or reinforcement) could be pri-
mary and that how what is learned then generalizes to new
situations could be left for later formulation, as a secondary princi-
ple. Unfortunately, a full characterization of the change that even a
single environmental event induces in an individual must entail a
specification of how that individual's behavioral dispositions have
been altered relative to any ensuing situation. Differences in the way
individuals of different species represent the same physical situation
implicate, in each individual, an internal metric ofsimilarity between
possible situations. Indeed, such a metric exists at birth, when
habituation to one stimulus already exhibits unequal generalization
to different test stimuli (2).
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can be traced back over 2000 years to Aristotle's principle of
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when Pavlov found that dogs would salivate not only at the sound of
a bell or whistle that had preceded feeding but also at other
sounds-and more so as they were chosen to be more similar to the
original sound, for example, in pitch (3). Since then, numerous
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alization," relating the strength, probability, or speed of a learned
response to some measure of difference between each test stimulus
and the original training stimulus.
However, methods yielding reliable gradients of generalization
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tioning technique ofintermittent reinforcement (5) could be used to
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was only intermittently permitted access to grain for pecking a
translucent key illuminated by light of a particular wavelength
would continue to respond long after termination of all reinforce-
ment (6). Guttman and Kalish could then measure stable rates of
responding to many different test wavelengths. And between 1955
and 1958, I established that orderly gradients of generalization
could be obtained from humans during identification learning-in
which subjects acquired, through correction of incorrect responses,
a one-to-one association between n stimuli (Munsell color chips, for
example) and n arbitrarily assigned verbal responses (7-9). The
frequency with which any stimulus led to the response assigned to
any other provided the measure ofgeneralization between those two
stimuli.

Apparent Noninvariance of Generalization
In striving to establish psychology as a quantitative science,

researchers had traditionally preferred to choose, as the independent
variable, a physical measure of stimulus difference-such as the
difference in wavelengths of lights, frequencies of tones, or angular
orientations of shapes. However, quantification does not in itself
guarantee invariance. Probability (or rate) of a generalized response
reliably decreased with physical difference from the training stimu-
lus. However, the way it decreased varied from one training
stimulus, sensory continuum, or species to another. Generalization
could even exhibit a nonmonotonic increase between stimuli sepa-
rated by certain special intervals-for example, between tones
separated by an octave (10), between hues at the opposite (red and
violet) ends of the visible spectrum (11), and between shapes
differing by particular angles related to inherent symmetries ofthose
shapes (12).
At midcentury, influential behavioral scientists (including the

neurophysiologist Karl S. Lashley and the mathematical learning
theorists Robert R. Bush and Frederick Mosteller) were reaching
the discouraging conclusion that there could be no invariant law of
generalization (13). If we took physical difference as the indepen-
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subject to constraints on information processing
capacity.
Critically, the proposed approach also gen-

erates unique predictions that distinguish it
from competing explanations for the universal
law. These include predictions that relate the
slope of the generalization gradient to information-
theoretic quantities, asymmetric generalization
gradients in situations where there are asym-
metric costs for perceptual error, and the finding
that artificial systems (such as the JPEG image
compression algorithm) can also produce an ex-
ponential generalization gradient. The result is a
revised universal law of perceptual generaliza-
tion, which subsumes Shepard’s statement of the
law as a special case.
The approach uses results from the field of

rate-distortion theory, a subdiscipline within in-
formation theory concerned with the design and
analysis of optimal, but capacity-limited, infor-
mation channels (12–14). Previous work has shown
that rate-distortion theory offers a compelling
account of human visual working memory lim-
itations (15, 16).
The current results can be concisely stated

as follows: Perceptual generalization in any ef-
ficient communication system will necessarily
follow an exponential function of the cost of
perceptual error. In this framework, the emer-
gence of the universal law is the signature of an
organism that seeks to perceive the world as best
as possible, according to some utility measure,
subject to available resource limitations.
Figure 1 shows the theoretical framework

and its properties. Perception is modeled as a
capacity-limited information channel in which
afferent sensory signals (x ) are distributed ac-
cording to the distribution pðxÞ . The perceived
signal (x̂Þ is related to its veridical value by a

conditional probability distribution pðx̂∣xÞ. Ca-
pacity limits in the channel prevent transmit-
ting sensory signals with perfect fidelity, and
hence in general, x̂ ≠ x. Instead, the goal of the
channel is to minimize a given loss function,
specified by Lðx; x̂Þ, subject to the constraint
that the amount of information transmitted
by the channel, measured by the mutual infor-
mation Iðx; x̂Þ, is at or below a capacity limit
C. Rate-distortion theory provides analytical
and numerical tools for solving such constrained
optimization problems (12–14).
Notably, several of the properties illustrated

in Fig. 1 (such as a “bias to the mean effect,”
Fig. 1A) are also predicted by Bayesianmodels of
perception. As both are rational or optimal mod-
els of cognition, this is not surprising. Whereas
Bayesianmodels of perception oftenmake atheo-
retic assumptions about the nature of “internal
noise” within a perceptual channel [e.g., (17)],
rate-distortion theory instead gives sensory pro-
cessing limitations a strong theoretical interpre-
tation in terms of constructs from information
theory. Hence, rate-distortion theory can be
viewed as a special case of the more general
class of Bayesianmodels of perception. As will be
shown presently, this also allows the framework
to generate unique predictions.
To connect rate-distortion theory to percep-

tual generalization, one needs a measure of
the strength of generalization from one stim-
ulus to another. Shepard (6) defined the follow-
ing measure:

Gxx̂≜
pxx̂ # px̂x
px̂x̂ # pxx

! "1
2 ð1Þ

where pxx̂ indicates the probability that a re-
sponse associated with stimulus x̂ is made to

stimulusx. According to Shepard’s universal law,
generalization will follow an exponential func-
tion of the distance between x and x̂ in an ap-
propriate psychological space, where the distance
is assumed to obey the basicmetric axioms. Rate-
distortion theory suggests amore general formu-
lation for this law. Using Shepard’s measure of
generalization, rate-distortion theory directly pre-
dicts that generalization should follow

Gxx̂ ¼ exp s
1
2

#
Lðx; x̂Þ þ Lðx̂ ; xÞ &

$

Lðx; xÞ & Lðx̂ ; x̂Þ
%' ð2Þ

where the constant parameter s < 0 is mono-
tonically related to the capacity of the channel.
Note that this includes Shepard’s original uni-
versal law as a special case. If the loss function
satisfies two of the axioms of distance metrics,
namely symmetry ½Lðx; x̂Þ ¼ Lðx̂ ; xÞ' and iden-
tity ½Lðx; xÞ ¼ Lðx̂ ; x̂Þ ¼ 0', then one can easily
verify that the generalization function reduces to

Gxx̂ ¼ exp½s Lðx; x̂Þ' ð3Þ

Consequently, when the loss function is taken
to be distance in a psychological space, Shepard’s
original universal law emerges from rate-distortion
theory exactly. However, the result in Eq. 2 holds
true under very general conditions, even when
the psychological representation does not corre-
spond to a metric space. As one example, if the
mental representation of complex stimuli consists
of a taxonomy of nested categories (18), the loss
function may be defined in terms of tree dis-
tance between exemplars.
Rate-distortion theory was applied to the re-

sults of several publishedperceptual identification
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Fig. 2. Rate-distortion theory
applied to a range of perceptual
identification experiments.
(A to I) Each panel plots the
strength of generalization against
the inferred cost of perceptual
error. Cost functions were esti-
mated by using Bayesian inference.
Sources of empirical data are as
follows: (A) (27); (B) (28) veteri-
narian data; (C) (29) data from
block 3; (D) (30) experiment 1;
(E) (23) unbiased condition;
(F) (21) signal-to-noise = 0 dB
condition; (G) (31) combined
data from finger and forearm;
(H) (32); (I) (33) subject MP, set
size = 13 condition. (J) Goodness of
fit to the empirical confusion
matrices across all experiments, in
terms of root mean squared error
(RMSE). (K) Deviation between
empirical generalization and the
exponential generalization gradient
predicted by rate-distortion
theory across all experiments.
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A psychological space is established for any set of stimuli
by determining metric distances between the stimuli such
that the probability that a response learned to any stimu-
lus will generalize to any other is an invariant monotonic
function ofthe distance between them. To a good approx-
imation, this probability ofgeneralization (i) decays expo-
nentialiy with this distance, and (ii) does so in accordance
with one of two metrics, depending on the relation
between the dimensions along which the stimuli vary.
These empirical regularities are mathematically derivable
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T HE TERCENTENARY OF THE PUBLICATION, IN 1687, OF
Newton's Princqipa (1) prompts the question of whether
psychological science has any hope of achieving a law that is

comparable in generality (if not in predictive accuracy) to Newton's
universal law of gravitation. Exploring the direction that currently
seems most favorable for an affirmative answer, I outline empirical
evidence and a theoretical rationale in support of a tentative
candidate for a universal law of generalization.

Primacy of Generalization
Because any object or situation experienced by an individual is

unlikely to recur in exactly the same form and context, psychologys
first general law should, I suggest, be a law of generalization.
Learning theorists have seemed to suppose that a principle of
conditioning (through contiguity or reinforcement) could be pri-
mary and that how what is learned then generalizes to new
situations could be left for later formulation, as a secondary princi-
ple. Unfortunately, a full characterization of the change that even a
single environmental event induces in an individual must entail a
specification of how that individual's behavioral dispositions have
been altered relative to any ensuing situation. Differences in the way
individuals of different species represent the same physical situation
implicate, in each individual, an internal metric ofsimilarity between
possible situations. Indeed, such a metric exists at birth, when
habituation to one stimulus already exhibits unequal generalization
to different test stimuli (2).

Recognition that similarity is fundamental to mental processes
can be traced back over 2000 years to Aristotle's principle of
association by resemblance. Yet, the experimental investigation of
generalization did not get under way until the turn of this century,

when Pavlov found that dogs would salivate not only at the sound of
a bell or whistle that had preceded feeding but also at other
sounds-and more so as they were chosen to be more similar to the
original sound, for example, in pitch (3). Since then, numerous
experimenters have obtained empirical "gradients ofstimulus gener-
alization," relating the strength, probability, or speed of a learned
response to some measure of difference between each test stimulus
and the original training stimulus.
However, methods yielding reliable gradients of generalization

were not perfected until the middle of this century. In 1956,
Guttman and Kalish (4) demonstrated that Skinner's operant condi-
tioning technique ofintermittent reinforcement (5) could be used to
obtain orderly gradients ofgeneralization for animals. A pigeon that
was only intermittently permitted access to grain for pecking a
translucent key illuminated by light of a particular wavelength
would continue to respond long after termination of all reinforce-
ment (6). Guttman and Kalish could then measure stable rates of
responding to many different test wavelengths. And between 1955
and 1958, I established that orderly gradients of generalization
could be obtained from humans during identification learning-in
which subjects acquired, through correction of incorrect responses,
a one-to-one association between n stimuli (Munsell color chips, for
example) and n arbitrarily assigned verbal responses (7-9). The
frequency with which any stimulus led to the response assigned to
any other provided the measure ofgeneralization between those two
stimuli.

Apparent Noninvariance of Generalization
In striving to establish psychology as a quantitative science,

researchers had traditionally preferred to choose, as the independent
variable, a physical measure of stimulus difference-such as the
difference in wavelengths of lights, frequencies of tones, or angular
orientations of shapes. However, quantification does not in itself
guarantee invariance. Probability (or rate) of a generalized response
reliably decreased with physical difference from the training stimu-
lus. However, the way it decreased varied from one training
stimulus, sensory continuum, or species to another. Generalization
could even exhibit a nonmonotonic increase between stimuli sepa-
rated by certain special intervals-for example, between tones
separated by an octave (10), between hues at the opposite (red and
violet) ends of the visible spectrum (11), and between shapes
differing by particular angles related to inherent symmetries ofthose
shapes (12).
At midcentury, influential behavioral scientists (including the

neurophysiologist Karl S. Lashley and the mathematical learning
theorists Robert R. Bush and Frederick Mosteller) were reaching
the discouraging conclusion that there could be no invariant law of
generalization (13). If we took physical difference as the indepen-
dent variable, gradients ofgeneralization, reflecting properties ofthe
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subject to constraints on information processing
capacity.
Critically, the proposed approach also gen-

erates unique predictions that distinguish it
from competing explanations for the universal
law. These include predictions that relate the
slope of the generalization gradient to information-
theoretic quantities, asymmetric generalization
gradients in situations where there are asym-
metric costs for perceptual error, and the finding
that artificial systems (such as the JPEG image
compression algorithm) can also produce an ex-
ponential generalization gradient. The result is a
revised universal law of perceptual generaliza-
tion, which subsumes Shepard’s statement of the
law as a special case.
The approach uses results from the field of

rate-distortion theory, a subdiscipline within in-
formation theory concerned with the design and
analysis of optimal, but capacity-limited, infor-
mation channels (12–14). Previous work has shown
that rate-distortion theory offers a compelling
account of human visual working memory lim-
itations (15, 16).
The current results can be concisely stated

as follows: Perceptual generalization in any ef-
ficient communication system will necessarily
follow an exponential function of the cost of
perceptual error. In this framework, the emer-
gence of the universal law is the signature of an
organism that seeks to perceive the world as best
as possible, according to some utility measure,
subject to available resource limitations.
Figure 1 shows the theoretical framework

and its properties. Perception is modeled as a
capacity-limited information channel in which
afferent sensory signals (x ) are distributed ac-
cording to the distribution pðxÞ . The perceived
signal (x̂Þ is related to its veridical value by a

conditional probability distribution pðx̂∣xÞ. Ca-
pacity limits in the channel prevent transmit-
ting sensory signals with perfect fidelity, and
hence in general, x̂ ≠ x. Instead, the goal of the
channel is to minimize a given loss function,
specified by Lðx; x̂Þ, subject to the constraint
that the amount of information transmitted
by the channel, measured by the mutual infor-
mation Iðx; x̂Þ, is at or below a capacity limit
C. Rate-distortion theory provides analytical
and numerical tools for solving such constrained
optimization problems (12–14).
Notably, several of the properties illustrated

in Fig. 1 (such as a “bias to the mean effect,”
Fig. 1A) are also predicted by Bayesianmodels of
perception. As both are rational or optimal mod-
els of cognition, this is not surprising. Whereas
Bayesianmodels of perception oftenmake atheo-
retic assumptions about the nature of “internal
noise” within a perceptual channel [e.g., (17)],
rate-distortion theory instead gives sensory pro-
cessing limitations a strong theoretical interpre-
tation in terms of constructs from information
theory. Hence, rate-distortion theory can be
viewed as a special case of the more general
class of Bayesianmodels of perception. As will be
shown presently, this also allows the framework
to generate unique predictions.
To connect rate-distortion theory to percep-

tual generalization, one needs a measure of
the strength of generalization from one stim-
ulus to another. Shepard (6) defined the follow-
ing measure:

Gxx̂≜
pxx̂ # px̂x
px̂x̂ # pxx

! "1
2 ð1Þ

where pxx̂ indicates the probability that a re-
sponse associated with stimulus x̂ is made to

stimulusx. According to Shepard’s universal law,
generalization will follow an exponential func-
tion of the distance between x and x̂ in an ap-
propriate psychological space, where the distance
is assumed to obey the basicmetric axioms. Rate-
distortion theory suggests amore general formu-
lation for this law. Using Shepard’s measure of
generalization, rate-distortion theory directly pre-
dicts that generalization should follow

Gxx̂ ¼ exp s
1
2

#
Lðx; x̂Þ þ Lðx̂ ; xÞ &

$

Lðx; xÞ & Lðx̂ ; x̂Þ
%' ð2Þ

where the constant parameter s < 0 is mono-
tonically related to the capacity of the channel.
Note that this includes Shepard’s original uni-
versal law as a special case. If the loss function
satisfies two of the axioms of distance metrics,
namely symmetry ½Lðx; x̂Þ ¼ Lðx̂ ; xÞ' and iden-
tity ½Lðx; xÞ ¼ Lðx̂ ; x̂Þ ¼ 0', then one can easily
verify that the generalization function reduces to

Gxx̂ ¼ exp½s Lðx; x̂Þ' ð3Þ

Consequently, when the loss function is taken
to be distance in a psychological space, Shepard’s
original universal law emerges from rate-distortion
theory exactly. However, the result in Eq. 2 holds
true under very general conditions, even when
the psychological representation does not corre-
spond to a metric space. As one example, if the
mental representation of complex stimuli consists
of a taxonomy of nested categories (18), the loss
function may be defined in terms of tree dis-
tance between exemplars.
Rate-distortion theory was applied to the re-
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Fig. 2. Rate-distortion theory
applied to a range of perceptual
identification experiments.
(A to I) Each panel plots the
strength of generalization against
the inferred cost of perceptual
error. Cost functions were esti-
mated by using Bayesian inference.
Sources of empirical data are as
follows: (A) (27); (B) (28) veteri-
narian data; (C) (29) data from
block 3; (D) (30) experiment 1;
(E) (23) unbiased condition;
(F) (21) signal-to-noise = 0 dB
condition; (G) (31) combined
data from finger and forearm;
(H) (32); (I) (33) subject MP, set
size = 13 condition. (J) Goodness of
fit to the empirical confusion
matrices across all experiments, in
terms of root mean squared error
(RMSE). (K) Deviation between
empirical generalization and the
exponential generalization gradient
predicted by rate-distortion
theory across all experiments.
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By transposing terms in (51), then, it may be seen that, for purposes of 
estimation, (30) is to be replaced by 

( - _  ,~) + c s] (52) p S  ~_ W~[exp D s 
,k '~2 W~[exp ( - D  s) + CS] ' 

h 

where P,~ applies to the entire learning session. Following through the 
derivation for (39), the psychological distances are found to be approximately 
given by 

(53) D f k ~  --log (1 4- C ) ~ )  - C s • 

Likewise, it is assumed that there exists a constant, C n, such that 

f [ P h ' P ~ V / 2  \ 
(54) D5 ---~ - l o g  ~(1 4- C " ) [ ~ ) , .  ,, • ~k - CRJ" 

In order to use (53), it is necessary to obtain an estimate for C s. This 
may be done by calculating a set of stimulus coordinates under the assumption 
that C s = 0. If, then, the quantities 

p p \~/2 
i{~) * k O ; ) )  , • ~ k { ~ ) ,  ( i , k  = 1 , 2 ,  • • , N )  

are plotted as a function of the distances reconstructed from (40), an asymp- 
tote, c, for large distances may be estimated by drawing a smooth curve 
through the data-points. If the responses have been selected so that pR = 0, 
then C s = c / (1  --  c). Exactly the same method can be used to estimate 
C ~, if pS = 0. 

The practical advantage of the counterbalancing technique mentioned 
in connection with (20) and (21) results from the following finding. In the 
application of (53) and (54), if p R  and pS are small, they may be assumed 
equal to zero. The only appreciable consequence of this procedure appears 
to be a slight inflation of the estimates, respectively, for C s and C ~. 

With regard to the estimation of the stimulus and response weights, 
the constants C s and C ~ drop out in the derivation of (36) and (37). Therefore 
the weights can be approximately estimated from these equations, as they 
stand, even though the S - R  transition probabilities are averaged over the 
entire learning session. 

A p p e n d i x  

Since, in all the experimental work to be reported N = 9, it will be useful 
to exhibit permutation matrices, ]'~ , having the property that over all 
subjects, every pair of responses is assigned to each pair of stimuli the same 
number of times. In order to do this, it is convenient to introduce 03 , the 



particular animal as much as the physically measured differences
between the stimuli, could not be expected to be uniform or even
monotonic. If, instead, we sought a psychological measure of
difference as the independent variable, the most basic such measure
would surely be the generalization data themselves-apparently
rendering the attempt to determine a functional law entirely circular.

Invariance in Psychological Space
What is sometimes required is not more data or more refined data

but a different conception of the problem. Newton arrived at
universal laws of motion only by departing from Aristotle's and
Ptolemy's choice of the concretely given earth as the fixed reference
and by choosing, instead, an abstractly conceptualized absolute
space, with respect to which all objects including the earth move
according to the same laws (1). And 230 years later, in order to
ensure that the laws of physics are invariant for all observers
regardless of their own relative motions, Einstein had to replace
Newton's Eucidean space with an even more abstract four-dimen-
sional Riemannian manifold (14).

Analogously in psychology, a law that is invariant across percep-
tual dimensions, modalities, individuals, and species may be attain-
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Fig. 1. Twelve gradients of generaliztion. Measures of generalization
between stimuli are plotted against distances between corresponding points
in the psychological space that renders the relation most nearly monotonic.
Sources ofthe generalization data (g) and the distances (d) are as follows. (A)
g, McGuire (33); d, Shepard (7, 18). (B)g, Shepard (7, 17); d, Shepard (7,
18). (C) g, Shepard (17); d, Shepard (8). (D) g, Attneave (25); d, Shepard
(8). (E)g, Guttman and Kalish (4); d, Shepard (11). (F)g, Miller and Nicely
(34); d, Shepard (35). (G) g, Attneave (25); d, Shepard (8). (H)g, Blough
(36); d, Shepard (11). (I)g, Peterson and Barney (37); d, Shepard (35). (J)g
and d, Shepard and Cermak (38). (K)g, Ekman (39); d, Shepard (18). (L)g,
Rothkopf (40); d, Cunningham and Shepard (41). The generalization data in
the bottom row are of a somewhat different type. [See (39) and the section
"Limitations and Proposed Extensions.']

able only by formulating that law with respect to the appropriate
abstract psychological space. The previously troublesome variations
in the gradient of generalization might then be attributable to
variations in the psychophysical function that, for each individual,
maps physical parameter space (the space whose coordinates include
the physical intensity, frequency, and orientation of each stimulus)
into that individual's psychological space. If so, a purely psychologi-
cal function relating generalization to distance in such a psychologi-
cal space mnight attain invariance.

Instead of starting with a physical parameter space, I proposed to
start with the generalization data and to ask: Is there an invariant
monotonic function whose inverse will uniquely transform those
data into numbers interpretable as distances in some appropriate
metric space? The requirement that the resulting numbers approxi-
mate distances in a metric space breaks the circularity (7, 15). Thus,
in a K-dimensional space, the distances between points within each
subset ofK + 2 points must satisfy definite conditions, expressible,
in the Euclidean case, in terms of certain Cayley-Menger determi-
nants (16). Moreover, the lower the dimensionality of the space, the
stronger these constraints become. In a one-dimensional space, the
distances must satisfy the following very strong additivity condition
(9, 15, 17): For each subset ofthree points, the distance between the
two most widely separated points equals the sum ofthe distances of
those two points to the third point that lies between them.
The uniqueness of the function that satisfies such constraints is

implicit in the following geometrical consequence of those con-
straints (18, 19): Provided that the number, n, ofpoints in a space is
not too small relative to the number of dimensions of the space, the
rank order ofthe n(n - 1)/2 distances among those n points permits
a close approximation to the distances themselves, up to multiplica-
tion by an arbitrary scale factor. Through Monte Carlo investiga-
tions I found that for random configurations often points in a two-
dimensional space, distances inferred from their rank orders had an
average correlation with the true distances of 0.998, and that for 45
points, the correlation exceeded 0.999,999 (19).
The actual determination of the unknown function (and, hence,

of the associated distances) implied by a matrix of generalization
data is achieved by numerical methods developed by Shepard (18)
and Kruskal (20) and known as "nonmetric" multidimensional
scaling. In a specified type of space, such methods move n points
representing the n stimuli (usually by steepest descent) until the
stationary configuration is achieved that minimniz an explicitly
defined measure of departure from a monotonic relation between
the generalization measures gv, and the corresponding distances d,i.
Configurations can be obtained in spaces with different numbers of
dimensions, and even with different metrics, until the most parsimo-
nious representation is found for which the residual departure from
monotonicity is acceptably small. The plot of the generalization
measuresg& against the distances d,i between points in the resulting
configuration is interpreted as the gradient of generalization. It is a
psychological rather than a psychophysical function because it can
be determined in the absence of any physical measurements on the
stimuli.

Intimations of an Exponential Law
For a given set of n stimuli, an appropriate generalization

expenment yields, for every ordered pair of these stimuli, an
empirical estimate of the probability pv that a response learned to
stimulus i is made to stimulus j. The multidimensional scaling
method is usually applied to an n x n symmetric matrix of general-
ization measures, g,j, obtained from such probabilities through a
normalization such asgy = [(pv ii- pj,)I(p, -p)]"2, wherepii andp1, are
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Toward a Universal Law of Generalization
for Psychological Science

ROGER N. SHEPARD

A psychological space is established for any set of stimuli
by determining metric distances between the stimuli such
that the probability that a response learned to any stimu-
lus will generalize to any other is an invariant monotonic
function ofthe distance between them. To a good approx-
imation, this probability ofgeneralization (i) decays expo-
nentialiy with this distance, and (ii) does so in accordance
with one of two metrics, depending on the relation
between the dimensions along which the stimuli vary.
These empirical regularities are mathematically derivable
from universal principles of natural kinds and probabilis-
tic geometry that may, through evolutionary internaliza-
tion, tend to govern the behaviors of all sentient orga-
nisms.

T HE TERCENTENARY OF THE PUBLICATION, IN 1687, OF
Newton's Princqipa (1) prompts the question of whether
psychological science has any hope of achieving a law that is

comparable in generality (if not in predictive accuracy) to Newton's
universal law of gravitation. Exploring the direction that currently
seems most favorable for an affirmative answer, I outline empirical
evidence and a theoretical rationale in support of a tentative
candidate for a universal law of generalization.

Primacy of Generalization
Because any object or situation experienced by an individual is

unlikely to recur in exactly the same form and context, psychologys
first general law should, I suggest, be a law of generalization.
Learning theorists have seemed to suppose that a principle of
conditioning (through contiguity or reinforcement) could be pri-
mary and that how what is learned then generalizes to new
situations could be left for later formulation, as a secondary princi-
ple. Unfortunately, a full characterization of the change that even a
single environmental event induces in an individual must entail a
specification of how that individual's behavioral dispositions have
been altered relative to any ensuing situation. Differences in the way
individuals of different species represent the same physical situation
implicate, in each individual, an internal metric ofsimilarity between
possible situations. Indeed, such a metric exists at birth, when
habituation to one stimulus already exhibits unequal generalization
to different test stimuli (2).

Recognition that similarity is fundamental to mental processes
can be traced back over 2000 years to Aristotle's principle of
association by resemblance. Yet, the experimental investigation of
generalization did not get under way until the turn of this century,

when Pavlov found that dogs would salivate not only at the sound of
a bell or whistle that had preceded feeding but also at other
sounds-and more so as they were chosen to be more similar to the
original sound, for example, in pitch (3). Since then, numerous
experimenters have obtained empirical "gradients ofstimulus gener-
alization," relating the strength, probability, or speed of a learned
response to some measure of difference between each test stimulus
and the original training stimulus.
However, methods yielding reliable gradients of generalization

were not perfected until the middle of this century. In 1956,
Guttman and Kalish (4) demonstrated that Skinner's operant condi-
tioning technique ofintermittent reinforcement (5) could be used to
obtain orderly gradients ofgeneralization for animals. A pigeon that
was only intermittently permitted access to grain for pecking a
translucent key illuminated by light of a particular wavelength
would continue to respond long after termination of all reinforce-
ment (6). Guttman and Kalish could then measure stable rates of
responding to many different test wavelengths. And between 1955
and 1958, I established that orderly gradients of generalization
could be obtained from humans during identification learning-in
which subjects acquired, through correction of incorrect responses,
a one-to-one association between n stimuli (Munsell color chips, for
example) and n arbitrarily assigned verbal responses (7-9). The
frequency with which any stimulus led to the response assigned to
any other provided the measure ofgeneralization between those two
stimuli.

Apparent Noninvariance of Generalization
In striving to establish psychology as a quantitative science,

researchers had traditionally preferred to choose, as the independent
variable, a physical measure of stimulus difference-such as the
difference in wavelengths of lights, frequencies of tones, or angular
orientations of shapes. However, quantification does not in itself
guarantee invariance. Probability (or rate) of a generalized response
reliably decreased with physical difference from the training stimu-
lus. However, the way it decreased varied from one training
stimulus, sensory continuum, or species to another. Generalization
could even exhibit a nonmonotonic increase between stimuli sepa-
rated by certain special intervals-for example, between tones
separated by an octave (10), between hues at the opposite (red and
violet) ends of the visible spectrum (11), and between shapes
differing by particular angles related to inherent symmetries ofthose
shapes (12).
At midcentury, influential behavioral scientists (including the

neurophysiologist Karl S. Lashley and the mathematical learning
theorists Robert R. Bush and Frederick Mosteller) were reaching
the discouraging conclusion that there could be no invariant law of
generalization (13). If we took physical difference as the indepen-
dent variable, gradients ofgeneralization, reflecting properties ofthe
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subject to constraints on information processing
capacity.
Critically, the proposed approach also gen-

erates unique predictions that distinguish it
from competing explanations for the universal
law. These include predictions that relate the
slope of the generalization gradient to information-
theoretic quantities, asymmetric generalization
gradients in situations where there are asym-
metric costs for perceptual error, and the finding
that artificial systems (such as the JPEG image
compression algorithm) can also produce an ex-
ponential generalization gradient. The result is a
revised universal law of perceptual generaliza-
tion, which subsumes Shepard’s statement of the
law as a special case.
The approach uses results from the field of

rate-distortion theory, a subdiscipline within in-
formation theory concerned with the design and
analysis of optimal, but capacity-limited, infor-
mation channels (12–14). Previous work has shown
that rate-distortion theory offers a compelling
account of human visual working memory lim-
itations (15, 16).
The current results can be concisely stated

as follows: Perceptual generalization in any ef-
ficient communication system will necessarily
follow an exponential function of the cost of
perceptual error. In this framework, the emer-
gence of the universal law is the signature of an
organism that seeks to perceive the world as best
as possible, according to some utility measure,
subject to available resource limitations.
Figure 1 shows the theoretical framework

and its properties. Perception is modeled as a
capacity-limited information channel in which
afferent sensory signals (x ) are distributed ac-
cording to the distribution pðxÞ . The perceived
signal (x̂Þ is related to its veridical value by a

conditional probability distribution pðx̂∣xÞ. Ca-
pacity limits in the channel prevent transmit-
ting sensory signals with perfect fidelity, and
hence in general, x̂ ≠ x. Instead, the goal of the
channel is to minimize a given loss function,
specified by Lðx; x̂Þ, subject to the constraint
that the amount of information transmitted
by the channel, measured by the mutual infor-
mation Iðx; x̂Þ, is at or below a capacity limit
C. Rate-distortion theory provides analytical
and numerical tools for solving such constrained
optimization problems (12–14).
Notably, several of the properties illustrated

in Fig. 1 (such as a “bias to the mean effect,”
Fig. 1A) are also predicted by Bayesianmodels of
perception. As both are rational or optimal mod-
els of cognition, this is not surprising. Whereas
Bayesianmodels of perception oftenmake atheo-
retic assumptions about the nature of “internal
noise” within a perceptual channel [e.g., (17)],
rate-distortion theory instead gives sensory pro-
cessing limitations a strong theoretical interpre-
tation in terms of constructs from information
theory. Hence, rate-distortion theory can be
viewed as a special case of the more general
class of Bayesianmodels of perception. As will be
shown presently, this also allows the framework
to generate unique predictions.
To connect rate-distortion theory to percep-

tual generalization, one needs a measure of
the strength of generalization from one stim-
ulus to another. Shepard (6) defined the follow-
ing measure:

Gxx̂≜
pxx̂ # px̂x
px̂x̂ # pxx

! "1
2 ð1Þ

where pxx̂ indicates the probability that a re-
sponse associated with stimulus x̂ is made to

stimulusx. According to Shepard’s universal law,
generalization will follow an exponential func-
tion of the distance between x and x̂ in an ap-
propriate psychological space, where the distance
is assumed to obey the basicmetric axioms. Rate-
distortion theory suggests amore general formu-
lation for this law. Using Shepard’s measure of
generalization, rate-distortion theory directly pre-
dicts that generalization should follow

Gxx̂ ¼ exp s
1
2

#
Lðx; x̂Þ þ Lðx̂ ; xÞ &

$

Lðx; xÞ & Lðx̂ ; x̂Þ
%' ð2Þ

where the constant parameter s < 0 is mono-
tonically related to the capacity of the channel.
Note that this includes Shepard’s original uni-
versal law as a special case. If the loss function
satisfies two of the axioms of distance metrics,
namely symmetry ½Lðx; x̂Þ ¼ Lðx̂ ; xÞ' and iden-
tity ½Lðx; xÞ ¼ Lðx̂ ; x̂Þ ¼ 0', then one can easily
verify that the generalization function reduces to

Gxx̂ ¼ exp½s Lðx; x̂Þ' ð3Þ

Consequently, when the loss function is taken
to be distance in a psychological space, Shepard’s
original universal law emerges from rate-distortion
theory exactly. However, the result in Eq. 2 holds
true under very general conditions, even when
the psychological representation does not corre-
spond to a metric space. As one example, if the
mental representation of complex stimuli consists
of a taxonomy of nested categories (18), the loss
function may be defined in terms of tree dis-
tance between exemplars.
Rate-distortion theory was applied to the re-
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Fig. 2. Rate-distortion theory
applied to a range of perceptual
identification experiments.
(A to I) Each panel plots the
strength of generalization against
the inferred cost of perceptual
error. Cost functions were esti-
mated by using Bayesian inference.
Sources of empirical data are as
follows: (A) (27); (B) (28) veteri-
narian data; (C) (29) data from
block 3; (D) (30) experiment 1;
(E) (23) unbiased condition;
(F) (21) signal-to-noise = 0 dB
condition; (G) (31) combined
data from finger and forearm;
(H) (32); (I) (33) subject MP, set
size = 13 condition. (J) Goodness of
fit to the empirical confusion
matrices across all experiments, in
terms of root mean squared error
(RMSE). (K) Deviation between
empirical generalization and the
exponential generalization gradient
predicted by rate-distortion
theory across all experiments.
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By transposing terms in (51), then, it may be seen that, for purposes of 
estimation, (30) is to be replaced by 

( - _  ,~) + c s] (52) p S  ~_ W~[exp D s 
,k '~2 W~[exp ( - D  s) + CS] ' 

h 

where P,~ applies to the entire learning session. Following through the 
derivation for (39), the psychological distances are found to be approximately 
given by 

(53) D f k ~  --log (1 4- C ) ~ )  - C s • 

Likewise, it is assumed that there exists a constant, C n, such that 

f [ P h ' P ~ V / 2  \ 
(54) D5 ---~ - l o g  ~(1 4- C " ) [ ~ ) , .  ,, • ~k - CRJ" 

In order to use (53), it is necessary to obtain an estimate for C s. This 
may be done by calculating a set of stimulus coordinates under the assumption 
that C s = 0. If, then, the quantities 

p p \~/2 
i{~) * k O ; ) )  , • ~ k { ~ ) ,  ( i , k  = 1 , 2 ,  • • , N )  

are plotted as a function of the distances reconstructed from (40), an asymp- 
tote, c, for large distances may be estimated by drawing a smooth curve 
through the data-points. If the responses have been selected so that pR = 0, 
then C s = c / (1  --  c). Exactly the same method can be used to estimate 
C ~, if pS = 0. 

The practical advantage of the counterbalancing technique mentioned 
in connection with (20) and (21) results from the following finding. In the 
application of (53) and (54), if p R  and pS are small, they may be assumed 
equal to zero. The only appreciable consequence of this procedure appears 
to be a slight inflation of the estimates, respectively, for C s and C ~. 

With regard to the estimation of the stimulus and response weights, 
the constants C s and C ~ drop out in the derivation of (36) and (37). Therefore 
the weights can be approximately estimated from these equations, as they 
stand, even though the S - R  transition probabilities are averaged over the 
entire learning session. 

A p p e n d i x  

Since, in all the experimental work to be reported N = 9, it will be useful 
to exhibit permutation matrices, ]'~ , having the property that over all 
subjects, every pair of responses is assigned to each pair of stimuli the same 
number of times. In order to do this, it is convenient to introduce 03 , the 



COGNITIVE PSYCHOLOGY

Efficient coding explains the
universal law of generalization
in human perception
Chris R. Sims*

Perceptual generalization and discrimination are fundamental cognitive abilities. For
example, if a bird eats a poisonous butterfly, it will learn to avoid preying on that species
again by generalizing its past experience to new perceptual stimuli. In cognitive science,
the “universal law of generalization” seeks to explain this ability and states that
generalization between stimuli will follow an exponential function of their distance in
“psychological space.” Here, I challenge existing theoretical explanations for the universal
law and offer an alternative account based on the principle of efficient coding. I show
that the universal law emerges inevitably from any information processing system
(whether biological or artificial) that minimizes the cost of perceptual error subject to
constraints on the ability to process or transmit information.

I
f a bird eats a poisonous or unpalatable spe-
cies of butterfly, it will quickly learn to avoid
preying on that species again in the future,
by avoiding butterflies that look visually sim-
ilar (1). This requires perceptual generaliza-

tion, as no two butterflies look exactly alike. If
generalization is too narrow—it learns to avoid
one specific butterfly, but not others of the same
species—the bird will continue tomistakenly con-
sume toxic butterflies. However, if generalization
is too broad—it avoids all butterflies—it will un-
necessarily exclude edible food sources and con-
sequently limit its fitness. A closely related ability
is perceptual discrimination: If an edible species

of butterfly closely resembles a different, toxic
species (Batesian mimicry), the failure to percep-
tually discriminate between the two will also
lead to negative consequences.
These examples demonstrate that adaptive be-

havior requires perceptual generalization and dis-
crimination abilities that are finely calibrated to
the costs of perceptual error. This is true not just
for predator–prey relationships, but is equally
important for expert-level human performance
in domains such as medicine (2). Not surpris-
ingly, the theoretical study of generalization is
also central to progress in artificial intelligence
and machine learning (3–5).

Just over 30 years ago, cognitive scientist Roger
Shepard suggested that perceptual generaliza-
tion was a suitable candidate for the first “uni-
versal law” in psychological science (6). Shepard’s
universal law of generalization states that the
generalization between two stimuli (essentially,
the probability of confusion) decreases as an ex-
ponential function of their distance within an
appropriate metric “psychological space.” This
exponential generalization pattern has indeed
proved to be near-universal, and the success of the
empirical law has been impressive, accounting for
data spanning a wide range of domains, sensory
modalities, and across multiple species (6–8).
Shepard’s explanation for this phenomenon

revolves around the concept of a “consequential
region” within psychological space that corre-
sponds to a concept. For example, the concept
of poisonous butterflies encompasses some set
of stimuli in psychological space. Given one stim-
ulus known to be an element of this set, the task
facing the organism is to infer whether a novel
stimulus will also fall in the same region; this
task can be framed as one of probabilistic infer-
ence. Subsequent work (9, 10) expanded on the
idea of generalization as probabilistic inference,
to include extrapolating from multiple exemplars
and exploring alternative measures of perceptual
distance or dissimilarity.
Here, I offer a qualitatively different explana-

tion for the origins of the universal law in human
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Fig. 1. Perception is modeled as efficient coding. (A) Sensory signals
are samples from a probability distribution pðxÞ (shown in blue) and
transmitted through a capacity-limited information channel, resulting in
a conditional probability distribution, pðx̂∣xÞ (shown in orange), over
perceived signals x̂ for a given input x ¼ x0. The assumed loss function,
Lðx; x̂Þ, in this example is squared error. Rate-distortion theory provides
the form of the optimal channel pðx̂∣xÞ; see (14). (B) The precision
and bias of the perceptual channel depend on the available capacity;
higher channel capacity enables lower perceptual error and hence
lower expected cost. (C) The optimal pattern of perceptual general-
ization depends on the particular loss function that the channel seeks
to minimize; this example illustrates an asymmetric loss function
in which Lðx; x̂Þ 6¼Lðx̂; xÞ. (D) In rate-distortion theory, optimal
achievable performance is dictated by a “rate-distortion curve,” which plots the minimum information rate (bits per transmission) necessary to achieve a
given level of expected cost. The slope at any point along this curve is mathematically related to the steepness of the generalization gradient. This
example illustrates the rate-distortion curve for a Gaussian information source with squared error cost function. (E) Without further assumptions, rate-
distortion theory directly predicts an exponential generalization gradient as a function of the cost of perceptual error.
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Perceptual generalization and discrimination are fundamental cognitive abilities. For
example, if a bird eats a poisonous butterfly, it will learn to avoid preying on that species
again by generalizing its past experience to new perceptual stimuli. In cognitive science,
the “universal law of generalization” seeks to explain this ability and states that
generalization between stimuli will follow an exponential function of their distance in
“psychological space.” Here, I challenge existing theoretical explanations for the universal
law and offer an alternative account based on the principle of efficient coding. I show
that the universal law emerges inevitably from any information processing system
(whether biological or artificial) that minimizes the cost of perceptual error subject to
constraints on the ability to process or transmit information.
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one specific butterfly, but not others of the same
species—the bird will continue tomistakenly con-
sume toxic butterflies. However, if generalization
is too broad—it avoids all butterflies—it will un-
necessarily exclude edible food sources and con-
sequently limit its fitness. A closely related ability
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of butterfly closely resembles a different, toxic
species (Batesian mimicry), the failure to percep-
tually discriminate between the two will also
lead to negative consequences.
These examples demonstrate that adaptive be-

havior requires perceptual generalization and dis-
crimination abilities that are finely calibrated to
the costs of perceptual error. This is true not just
for predator–prey relationships, but is equally
important for expert-level human performance
in domains such as medicine (2). Not surpris-
ingly, the theoretical study of generalization is
also central to progress in artificial intelligence
and machine learning (3–5).

Just over 30 years ago, cognitive scientist Roger
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tion was a suitable candidate for the first “uni-
versal law” in psychological science (6). Shepard’s
universal law of generalization states that the
generalization between two stimuli (essentially,
the probability of confusion) decreases as an ex-
ponential function of their distance within an
appropriate metric “psychological space.” This
exponential generalization pattern has indeed
proved to be near-universal, and the success of the
empirical law has been impressive, accounting for
data spanning a wide range of domains, sensory
modalities, and across multiple species (6–8).
Shepard’s explanation for this phenomenon

revolves around the concept of a “consequential
region” within psychological space that corre-
sponds to a concept. For example, the concept
of poisonous butterflies encompasses some set
of stimuli in psychological space. Given one stim-
ulus known to be an element of this set, the task
facing the organism is to infer whether a novel
stimulus will also fall in the same region; this
task can be framed as one of probabilistic infer-
ence. Subsequent work (9, 10) expanded on the
idea of generalization as probabilistic inference,
to include extrapolating from multiple exemplars
and exploring alternative measures of perceptual
distance or dissimilarity.
Here, I offer a qualitatively different explana-
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Fig. 1. Perception is modeled as efficient coding. (A) Sensory signals
are samples from a probability distribution pðxÞ (shown in blue) and
transmitted through a capacity-limited information channel, resulting in
a conditional probability distribution, pðx̂∣xÞ (shown in orange), over
perceived signals x̂ for a given input x ¼ x0. The assumed loss function,
Lðx; x̂Þ, in this example is squared error. Rate-distortion theory provides
the form of the optimal channel pðx̂∣xÞ; see (14). (B) The precision
and bias of the perceptual channel depend on the available capacity;
higher channel capacity enables lower perceptual error and hence
lower expected cost. (C) The optimal pattern of perceptual general-
ization depends on the particular loss function that the channel seeks
to minimize; this example illustrates an asymmetric loss function
in which Lðx; x̂Þ 6¼Lðx̂; xÞ. (D) In rate-distortion theory, optimal
achievable performance is dictated by a “rate-distortion curve,” which plots the minimum information rate (bits per transmission) necessary to achieve a
given level of expected cost. The slope at any point along this curve is mathematically related to the steepness of the generalization gradient. This
example illustrates the rate-distortion curve for a Gaussian information source with squared error cost function. (E) Without further assumptions, rate-
distortion theory directly predicts an exponential generalization gradient as a function of the cost of perceptual error.
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Perceptual generalization and discrimination are fundamental cognitive abilities. For
example, if a bird eats a poisonous butterfly, it will learn to avoid preying on that species
again by generalizing its past experience to new perceptual stimuli. In cognitive science,
the “universal law of generalization” seeks to explain this ability and states that
generalization between stimuli will follow an exponential function of their distance in
“psychological space.” Here, I challenge existing theoretical explanations for the universal
law and offer an alternative account based on the principle of efficient coding. I show
that the universal law emerges inevitably from any information processing system
(whether biological or artificial) that minimizes the cost of perceptual error subject to
constraints on the ability to process or transmit information.
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is too broad—it avoids all butterflies—it will un-
necessarily exclude edible food sources and con-
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tually discriminate between the two will also
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These examples demonstrate that adaptive be-

havior requires perceptual generalization and dis-
crimination abilities that are finely calibrated to
the costs of perceptual error. This is true not just
for predator–prey relationships, but is equally
important for expert-level human performance
in domains such as medicine (2). Not surpris-
ingly, the theoretical study of generalization is
also central to progress in artificial intelligence
and machine learning (3–5).

Just over 30 years ago, cognitive scientist Roger
Shepard suggested that perceptual generaliza-
tion was a suitable candidate for the first “uni-
versal law” in psychological science (6). Shepard’s
universal law of generalization states that the
generalization between two stimuli (essentially,
the probability of confusion) decreases as an ex-
ponential function of their distance within an
appropriate metric “psychological space.” This
exponential generalization pattern has indeed
proved to be near-universal, and the success of the
empirical law has been impressive, accounting for
data spanning a wide range of domains, sensory
modalities, and across multiple species (6–8).
Shepard’s explanation for this phenomenon

revolves around the concept of a “consequential
region” within psychological space that corre-
sponds to a concept. For example, the concept
of poisonous butterflies encompasses some set
of stimuli in psychological space. Given one stim-
ulus known to be an element of this set, the task
facing the organism is to infer whether a novel
stimulus will also fall in the same region; this
task can be framed as one of probabilistic infer-
ence. Subsequent work (9, 10) expanded on the
idea of generalization as probabilistic inference,
to include extrapolating from multiple exemplars
and exploring alternative measures of perceptual
distance or dissimilarity.
Here, I offer a qualitatively different explana-

tion for the origins of the universal law in human
perception, based on the principle of efficient
coding (11), or the idea that biological information
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Fig. 1. Perception is modeled as efficient coding. (A) Sensory signals
are samples from a probability distribution pðxÞ (shown in blue) and
transmitted through a capacity-limited information channel, resulting in
a conditional probability distribution, pðx̂∣xÞ (shown in orange), over
perceived signals x̂ for a given input x ¼ x0. The assumed loss function,
Lðx; x̂Þ, in this example is squared error. Rate-distortion theory provides
the form of the optimal channel pðx̂∣xÞ; see (14). (B) The precision
and bias of the perceptual channel depend on the available capacity;
higher channel capacity enables lower perceptual error and hence
lower expected cost. (C) The optimal pattern of perceptual general-
ization depends on the particular loss function that the channel seeks
to minimize; this example illustrates an asymmetric loss function
in which Lðx; x̂Þ 6¼Lðx̂; xÞ. (D) In rate-distortion theory, optimal
achievable performance is dictated by a “rate-distortion curve,” which plots the minimum information rate (bits per transmission) necessary to achieve a
given level of expected cost. The slope at any point along this curve is mathematically related to the steepness of the generalization gradient. This
example illustrates the rate-distortion curve for a Gaussian information source with squared error cost function. (E) Without further assumptions, rate-
distortion theory directly predicts an exponential generalization gradient as a function of the cost of perceptual error.
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generalization between stimuli will follow an exponential function of their distance in
“psychological space.” Here, I challenge existing theoretical explanations for the universal
law and offer an alternative account based on the principle of efficient coding. I show
that the universal law emerges inevitably from any information processing system
(whether biological or artificial) that minimizes the cost of perceptual error subject to
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for predator–prey relationships, but is equally
important for expert-level human performance
in domains such as medicine (2). Not surpris-
ingly, the theoretical study of generalization is
also central to progress in artificial intelligence
and machine learning (3–5).

Just over 30 years ago, cognitive scientist Roger
Shepard suggested that perceptual generaliza-
tion was a suitable candidate for the first “uni-
versal law” in psychological science (6). Shepard’s
universal law of generalization states that the
generalization between two stimuli (essentially,
the probability of confusion) decreases as an ex-
ponential function of their distance within an
appropriate metric “psychological space.” This
exponential generalization pattern has indeed
proved to be near-universal, and the success of the
empirical law has been impressive, accounting for
data spanning a wide range of domains, sensory
modalities, and across multiple species (6–8).
Shepard’s explanation for this phenomenon

revolves around the concept of a “consequential
region” within psychological space that corre-
sponds to a concept. For example, the concept
of poisonous butterflies encompasses some set
of stimuli in psychological space. Given one stim-
ulus known to be an element of this set, the task
facing the organism is to infer whether a novel
stimulus will also fall in the same region; this
task can be framed as one of probabilistic infer-
ence. Subsequent work (9, 10) expanded on the
idea of generalization as probabilistic inference,
to include extrapolating from multiple exemplars
and exploring alternative measures of perceptual
distance or dissimilarity.
Here, I offer a qualitatively different explana-

tion for the origins of the universal law in human
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coding (11), or the idea that biological information
processing should seek to maximize performance

RESEARCH

Sims, Science 360, 652–656 (2018) 11 May 2018 1 of 5

Department of Cognitive Science, Rensselaer Polytechnic
Institute, Troy, NY 12180, USA.
*Corresponding author. Email: simsc3@rpi.edu

A B
Capacity (bits)

3
2
1
0.5

C

0.0 0.2 0.4 0.6 0.8 1.0

0
1

2
3

4

Distortion (MSE)

In
fo

rm
at

io
n 

ra
te

 (
bi

ts
)

D

0

0
1

G
en

er
al

iz
at

io
n,

 

E

Cost of error

Fig. 1. Perception is modeled as efficient coding. (A) Sensory signals
are samples from a probability distribution pðxÞ (shown in blue) and
transmitted through a capacity-limited information channel, resulting in
a conditional probability distribution, pðx̂∣xÞ (shown in orange), over
perceived signals x̂ for a given input x ¼ x0. The assumed loss function,
Lðx; x̂Þ, in this example is squared error. Rate-distortion theory provides
the form of the optimal channel pðx̂∣xÞ; see (14). (B) The precision
and bias of the perceptual channel depend on the available capacity;
higher channel capacity enables lower perceptual error and hence
lower expected cost. (C) The optimal pattern of perceptual general-
ization depends on the particular loss function that the channel seeks
to minimize; this example illustrates an asymmetric loss function
in which Lðx; x̂Þ 6¼Lðx̂; xÞ. (D) In rate-distortion theory, optimal
achievable performance is dictated by a “rate-distortion curve,” which plots the minimum information rate (bits per transmission) necessary to achieve a
given level of expected cost. The slope at any point along this curve is mathematically related to the steepness of the generalization gradient. This
example illustrates the rate-distortion curve for a Gaussian information source with squared error cost function. (E) Without further assumptions, rate-
distortion theory directly predicts an exponential generalization gradient as a function of the cost of perceptual error.
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Perceptual generalization and discrimination are fundamental cognitive abilities. For
example, if a bird eats a poisonous butterfly, it will learn to avoid preying on that species
again by generalizing its past experience to new perceptual stimuli. In cognitive science,
the “universal law of generalization” seeks to explain this ability and states that
generalization between stimuli will follow an exponential function of their distance in
“psychological space.” Here, I challenge existing theoretical explanations for the universal
law and offer an alternative account based on the principle of efficient coding. I show
that the universal law emerges inevitably from any information processing system
(whether biological or artificial) that minimizes the cost of perceptual error subject to
constraints on the ability to process or transmit information.
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havior requires perceptual generalization and dis-
crimination abilities that are finely calibrated to
the costs of perceptual error. This is true not just
for predator–prey relationships, but is equally
important for expert-level human performance
in domains such as medicine (2). Not surpris-
ingly, the theoretical study of generalization is
also central to progress in artificial intelligence
and machine learning (3–5).

Just over 30 years ago, cognitive scientist Roger
Shepard suggested that perceptual generaliza-
tion was a suitable candidate for the first “uni-
versal law” in psychological science (6). Shepard’s
universal law of generalization states that the
generalization between two stimuli (essentially,
the probability of confusion) decreases as an ex-
ponential function of their distance within an
appropriate metric “psychological space.” This
exponential generalization pattern has indeed
proved to be near-universal, and the success of the
empirical law has been impressive, accounting for
data spanning a wide range of domains, sensory
modalities, and across multiple species (6–8).
Shepard’s explanation for this phenomenon

revolves around the concept of a “consequential
region” within psychological space that corre-
sponds to a concept. For example, the concept
of poisonous butterflies encompasses some set
of stimuli in psychological space. Given one stim-
ulus known to be an element of this set, the task
facing the organism is to infer whether a novel
stimulus will also fall in the same region; this
task can be framed as one of probabilistic infer-
ence. Subsequent work (9, 10) expanded on the
idea of generalization as probabilistic inference,
to include extrapolating from multiple exemplars
and exploring alternative measures of perceptual
distance or dissimilarity.
Here, I offer a qualitatively different explana-

tion for the origins of the universal law in human
perception, based on the principle of efficient
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Fig. 1. Perception is modeled as efficient coding. (A) Sensory signals
are samples from a probability distribution pðxÞ (shown in blue) and
transmitted through a capacity-limited information channel, resulting in
a conditional probability distribution, pðx̂∣xÞ (shown in orange), over
perceived signals x̂ for a given input x ¼ x0. The assumed loss function,
Lðx; x̂Þ, in this example is squared error. Rate-distortion theory provides
the form of the optimal channel pðx̂∣xÞ; see (14). (B) The precision
and bias of the perceptual channel depend on the available capacity;
higher channel capacity enables lower perceptual error and hence
lower expected cost. (C) The optimal pattern of perceptual general-
ization depends on the particular loss function that the channel seeks
to minimize; this example illustrates an asymmetric loss function
in which Lðx; x̂Þ 6¼Lðx̂; xÞ. (D) In rate-distortion theory, optimal
achievable performance is dictated by a “rate-distortion curve,” which plots the minimum information rate (bits per transmission) necessary to achieve a
given level of expected cost. The slope at any point along this curve is mathematically related to the steepness of the generalization gradient. This
example illustrates the rate-distortion curve for a Gaussian information source with squared error cost function. (E) Without further assumptions, rate-
distortion theory directly predicts an exponential generalization gradient as a function of the cost of perceptual error.
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channel. An example rate–distortion curve is plotted in the main manuscript in Figure 

1D, for the case of a Gaussian information source, and squared error cost function. 

As shown in the main text, rate–distortion theory predicts behavior that sometimes 

closely resembles the predictions of Bayesian models of perception. The most important 

difference between the two approaches is that Bayesian models of perception often posit 

‘internal noise’, which might be assumed to take the form of Gaussian signal noise with a 

particular variance. In contrast, rate–distortion theory requires no such assumptions; the 

presence of ‘noise’ in the channel emerges from the fact that any physical channel must 

possess only finite channel capacity. Further, within rate–distortion theory, it is not 

necessarily the case that channel noise will be Gaussian in distribution. Rather, the nature 

of noise is optimized implicitly with regards to the capacity limit and loss function that 

the channel seeks to minimize. Hence, by directly minimizing the cost of perceptual 

error, rate–distortion theory can produce what appears to be a posterior distribution in the 

Bayesian framework, without assuming the existence of Bayes’ rule. 

In practice, the rate–distortion optimization problem defined by Eq. (S3) rarely has 

an analytic solution. In most cases, numerical algorithms must be used to determine an 

optimally efficient channel. Blahut (Ref. 13) developed a particularly efficient iterative 

numerical algorithm for solving rate–distortion problems. This algorithm builds on the 

fact that any optimal channel in the rate–distortion sense must simultaneously satisfy two 

conditions: 
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In the above, N < 0 is a parameter that is monotonically related to the capacity of the 

channel. Blahut’s algorithm uses these two equations as an iterative update scheme. For 

example, an initial estimate of "(!) is used to update the estimate of "(! ∣ !) via Eq. 

(S4), and an estimate of " ! ∣ !  is used to update "(!) via Eq. (S5). Blahut showed that 
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again by generalizing its past experience to new perceptual stimuli. In cognitive science,
the “universal law of generalization” seeks to explain this ability and states that
generalization between stimuli will follow an exponential function of their distance in
“psychological space.” Here, I challenge existing theoretical explanations for the universal
law and offer an alternative account based on the principle of efficient coding. I show
that the universal law emerges inevitably from any information processing system
(whether biological or artificial) that minimizes the cost of perceptual error subject to
constraints on the ability to process or transmit information.

I
f a bird eats a poisonous or unpalatable spe-
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ilar (1). This requires perceptual generaliza-
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generalization is too narrow—it learns to avoid
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sequently limit its fitness. A closely related ability
is perceptual discrimination: If an edible species

of butterfly closely resembles a different, toxic
species (Batesian mimicry), the failure to percep-
tually discriminate between the two will also
lead to negative consequences.
These examples demonstrate that adaptive be-

havior requires perceptual generalization and dis-
crimination abilities that are finely calibrated to
the costs of perceptual error. This is true not just
for predator–prey relationships, but is equally
important for expert-level human performance
in domains such as medicine (2). Not surpris-
ingly, the theoretical study of generalization is
also central to progress in artificial intelligence
and machine learning (3–5).

Just over 30 years ago, cognitive scientist Roger
Shepard suggested that perceptual generaliza-
tion was a suitable candidate for the first “uni-
versal law” in psychological science (6). Shepard’s
universal law of generalization states that the
generalization between two stimuli (essentially,
the probability of confusion) decreases as an ex-
ponential function of their distance within an
appropriate metric “psychological space.” This
exponential generalization pattern has indeed
proved to be near-universal, and the success of the
empirical law has been impressive, accounting for
data spanning a wide range of domains, sensory
modalities, and across multiple species (6–8).
Shepard’s explanation for this phenomenon

revolves around the concept of a “consequential
region” within psychological space that corre-
sponds to a concept. For example, the concept
of poisonous butterflies encompasses some set
of stimuli in psychological space. Given one stim-
ulus known to be an element of this set, the task
facing the organism is to infer whether a novel
stimulus will also fall in the same region; this
task can be framed as one of probabilistic infer-
ence. Subsequent work (9, 10) expanded on the
idea of generalization as probabilistic inference,
to include extrapolating from multiple exemplars
and exploring alternative measures of perceptual
distance or dissimilarity.
Here, I offer a qualitatively different explana-

tion for the origins of the universal law in human
perception, based on the principle of efficient
coding (11), or the idea that biological information
processing should seek to maximize performance
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Fig. 1. Perception is modeled as efficient coding. (A) Sensory signals
are samples from a probability distribution pðxÞ (shown in blue) and
transmitted through a capacity-limited information channel, resulting in
a conditional probability distribution, pðx̂∣xÞ (shown in orange), over
perceived signals x̂ for a given input x ¼ x0. The assumed loss function,
Lðx; x̂Þ, in this example is squared error. Rate-distortion theory provides
the form of the optimal channel pðx̂∣xÞ; see (14). (B) The precision
and bias of the perceptual channel depend on the available capacity;
higher channel capacity enables lower perceptual error and hence
lower expected cost. (C) The optimal pattern of perceptual general-
ization depends on the particular loss function that the channel seeks
to minimize; this example illustrates an asymmetric loss function
in which Lðx; x̂Þ 6¼Lðx̂; xÞ. (D) In rate-distortion theory, optimal
achievable performance is dictated by a “rate-distortion curve,” which plots the minimum information rate (bits per transmission) necessary to achieve a
given level of expected cost. The slope at any point along this curve is mathematically related to the steepness of the generalization gradient. This
example illustrates the rate-distortion curve for a Gaussian information source with squared error cost function. (E) Without further assumptions, rate-
distortion theory directly predicts an exponential generalization gradient as a function of the cost of perceptual error.
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channel. An example rate–distortion curve is plotted in the main manuscript in Figure 

1D, for the case of a Gaussian information source, and squared error cost function. 

As shown in the main text, rate–distortion theory predicts behavior that sometimes 

closely resembles the predictions of Bayesian models of perception. The most important 

difference between the two approaches is that Bayesian models of perception often posit 

‘internal noise’, which might be assumed to take the form of Gaussian signal noise with a 

particular variance. In contrast, rate–distortion theory requires no such assumptions; the 

presence of ‘noise’ in the channel emerges from the fact that any physical channel must 

possess only finite channel capacity. Further, within rate–distortion theory, it is not 

necessarily the case that channel noise will be Gaussian in distribution. Rather, the nature 

of noise is optimized implicitly with regards to the capacity limit and loss function that 

the channel seeks to minimize. Hence, by directly minimizing the cost of perceptual 

error, rate–distortion theory can produce what appears to be a posterior distribution in the 

Bayesian framework, without assuming the existence of Bayes’ rule. 

In practice, the rate–distortion optimization problem defined by Eq. (S3) rarely has 

an analytic solution. In most cases, numerical algorithms must be used to determine an 

optimally efficient channel. Blahut (Ref. 13) developed a particularly efficient iterative 

numerical algorithm for solving rate–distortion problems. This algorithm builds on the 

fact that any optimal channel in the rate–distortion sense must simultaneously satisfy two 

conditions: 

 

" ! ∣ ! = " ! exp N	ℒ !, !
" ! exp N	ℒ !, ! O! , -4  

	

" ! = " ! " ! ∣ ! d! . -5  

 

In the above, N < 0 is a parameter that is monotonically related to the capacity of the 

channel. Blahut’s algorithm uses these two equations as an iterative update scheme. For 

example, an initial estimate of "(!) is used to update the estimate of "(! ∣ !) via Eq. 

(S4), and an estimate of " ! ∣ !  is used to update "(!) via Eq. (S5). Blahut showed that 

RDT

subject to constraints on information processing
capacity.
Critically, the proposed approach also gen-

erates unique predictions that distinguish it
from competing explanations for the universal
law. These include predictions that relate the
slope of the generalization gradient to information-
theoretic quantities, asymmetric generalization
gradients in situations where there are asym-
metric costs for perceptual error, and the finding
that artificial systems (such as the JPEG image
compression algorithm) can also produce an ex-
ponential generalization gradient. The result is a
revised universal law of perceptual generaliza-
tion, which subsumes Shepard’s statement of the
law as a special case.
The approach uses results from the field of

rate-distortion theory, a subdiscipline within in-
formation theory concerned with the design and
analysis of optimal, but capacity-limited, infor-
mation channels (12–14). Previous work has shown
that rate-distortion theory offers a compelling
account of human visual working memory lim-
itations (15, 16).
The current results can be concisely stated

as follows: Perceptual generalization in any ef-
ficient communication system will necessarily
follow an exponential function of the cost of
perceptual error. In this framework, the emer-
gence of the universal law is the signature of an
organism that seeks to perceive the world as best
as possible, according to some utility measure,
subject to available resource limitations.
Figure 1 shows the theoretical framework

and its properties. Perception is modeled as a
capacity-limited information channel in which
afferent sensory signals (x ) are distributed ac-
cording to the distribution pðxÞ . The perceived
signal (x̂Þ is related to its veridical value by a

conditional probability distribution pðx̂∣xÞ. Ca-
pacity limits in the channel prevent transmit-
ting sensory signals with perfect fidelity, and
hence in general, x̂ ≠ x. Instead, the goal of the
channel is to minimize a given loss function,
specified by Lðx; x̂Þ, subject to the constraint
that the amount of information transmitted
by the channel, measured by the mutual infor-
mation Iðx; x̂Þ, is at or below a capacity limit
C. Rate-distortion theory provides analytical
and numerical tools for solving such constrained
optimization problems (12–14).
Notably, several of the properties illustrated

in Fig. 1 (such as a “bias to the mean effect,”
Fig. 1A) are also predicted by Bayesianmodels of
perception. As both are rational or optimal mod-
els of cognition, this is not surprising. Whereas
Bayesianmodels of perception oftenmake atheo-
retic assumptions about the nature of “internal
noise” within a perceptual channel [e.g., (17)],
rate-distortion theory instead gives sensory pro-
cessing limitations a strong theoretical interpre-
tation in terms of constructs from information
theory. Hence, rate-distortion theory can be
viewed as a special case of the more general
class of Bayesianmodels of perception. As will be
shown presently, this also allows the framework
to generate unique predictions.
To connect rate-distortion theory to percep-

tual generalization, one needs a measure of
the strength of generalization from one stim-
ulus to another. Shepard (6) defined the follow-
ing measure:

Gxx̂≜
pxx̂ # px̂x
px̂x̂ # pxx

! "1
2 ð1Þ

where pxx̂ indicates the probability that a re-
sponse associated with stimulus x̂ is made to

stimulusx. According to Shepard’s universal law,
generalization will follow an exponential func-
tion of the distance between x and x̂ in an ap-
propriate psychological space, where the distance
is assumed to obey the basicmetric axioms. Rate-
distortion theory suggests amore general formu-
lation for this law. Using Shepard’s measure of
generalization, rate-distortion theory directly pre-
dicts that generalization should follow

Gxx̂ ¼ exp s
1
2

#
Lðx; x̂Þ þ Lðx̂ ; xÞ &

$

Lðx; xÞ & Lðx̂ ; x̂Þ
%' ð2Þ

where the constant parameter s < 0 is mono-
tonically related to the capacity of the channel.
Note that this includes Shepard’s original uni-
versal law as a special case. If the loss function
satisfies two of the axioms of distance metrics,
namely symmetry ½Lðx; x̂Þ ¼ Lðx̂ ; xÞ' and iden-
tity ½Lðx; xÞ ¼ Lðx̂ ; x̂Þ ¼ 0', then one can easily
verify that the generalization function reduces to

Gxx̂ ¼ exp½s Lðx; x̂Þ' ð3Þ

Consequently, when the loss function is taken
to be distance in a psychological space, Shepard’s
original universal law emerges from rate-distortion
theory exactly. However, the result in Eq. 2 holds
true under very general conditions, even when
the psychological representation does not corre-
spond to a metric space. As one example, if the
mental representation of complex stimuli consists
of a taxonomy of nested categories (18), the loss
function may be defined in terms of tree dis-
tance between exemplars.
Rate-distortion theory was applied to the re-

sults of several publishedperceptual identification
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Fig. 2. Rate-distortion theory
applied to a range of perceptual
identification experiments.
(A to I) Each panel plots the
strength of generalization against
the inferred cost of perceptual
error. Cost functions were esti-
mated by using Bayesian inference.
Sources of empirical data are as
follows: (A) (27); (B) (28) veteri-
narian data; (C) (29) data from
block 3; (D) (30) experiment 1;
(E) (23) unbiased condition;
(F) (21) signal-to-noise = 0 dB
condition; (G) (31) combined
data from finger and forearm;
(H) (32); (I) (33) subject MP, set
size = 13 condition. (J) Goodness of
fit to the empirical confusion
matrices across all experiments, in
terms of root mean squared error
(RMSE). (K) Deviation between
empirical generalization and the
exponential generalization gradient
predicted by rate-distortion
theory across all experiments.
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COGNITIVE PSYCHOLOGY

Efficient coding explains the
universal law of generalization
in human perception
Chris R. Sims*

Perceptual generalization and discrimination are fundamental cognitive abilities. For
example, if a bird eats a poisonous butterfly, it will learn to avoid preying on that species
again by generalizing its past experience to new perceptual stimuli. In cognitive science,
the “universal law of generalization” seeks to explain this ability and states that
generalization between stimuli will follow an exponential function of their distance in
“psychological space.” Here, I challenge existing theoretical explanations for the universal
law and offer an alternative account based on the principle of efficient coding. I show
that the universal law emerges inevitably from any information processing system
(whether biological or artificial) that minimizes the cost of perceptual error subject to
constraints on the ability to process or transmit information.

I
f a bird eats a poisonous or unpalatable spe-
cies of butterfly, it will quickly learn to avoid
preying on that species again in the future,
by avoiding butterflies that look visually sim-
ilar (1). This requires perceptual generaliza-

tion, as no two butterflies look exactly alike. If
generalization is too narrow—it learns to avoid
one specific butterfly, but not others of the same
species—the bird will continue tomistakenly con-
sume toxic butterflies. However, if generalization
is too broad—it avoids all butterflies—it will un-
necessarily exclude edible food sources and con-
sequently limit its fitness. A closely related ability
is perceptual discrimination: If an edible species

of butterfly closely resembles a different, toxic
species (Batesian mimicry), the failure to percep-
tually discriminate between the two will also
lead to negative consequences.
These examples demonstrate that adaptive be-

havior requires perceptual generalization and dis-
crimination abilities that are finely calibrated to
the costs of perceptual error. This is true not just
for predator–prey relationships, but is equally
important for expert-level human performance
in domains such as medicine (2). Not surpris-
ingly, the theoretical study of generalization is
also central to progress in artificial intelligence
and machine learning (3–5).

Just over 30 years ago, cognitive scientist Roger
Shepard suggested that perceptual generaliza-
tion was a suitable candidate for the first “uni-
versal law” in psychological science (6). Shepard’s
universal law of generalization states that the
generalization between two stimuli (essentially,
the probability of confusion) decreases as an ex-
ponential function of their distance within an
appropriate metric “psychological space.” This
exponential generalization pattern has indeed
proved to be near-universal, and the success of the
empirical law has been impressive, accounting for
data spanning a wide range of domains, sensory
modalities, and across multiple species (6–8).
Shepard’s explanation for this phenomenon

revolves around the concept of a “consequential
region” within psychological space that corre-
sponds to a concept. For example, the concept
of poisonous butterflies encompasses some set
of stimuli in psychological space. Given one stim-
ulus known to be an element of this set, the task
facing the organism is to infer whether a novel
stimulus will also fall in the same region; this
task can be framed as one of probabilistic infer-
ence. Subsequent work (9, 10) expanded on the
idea of generalization as probabilistic inference,
to include extrapolating from multiple exemplars
and exploring alternative measures of perceptual
distance or dissimilarity.
Here, I offer a qualitatively different explana-

tion for the origins of the universal law in human
perception, based on the principle of efficient
coding (11), or the idea that biological information
processing should seek to maximize performance
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Fig. 1. Perception is modeled as efficient coding. (A) Sensory signals
are samples from a probability distribution pðxÞ (shown in blue) and
transmitted through a capacity-limited information channel, resulting in
a conditional probability distribution, pðx̂∣xÞ (shown in orange), over
perceived signals x̂ for a given input x ¼ x0. The assumed loss function,
Lðx; x̂Þ, in this example is squared error. Rate-distortion theory provides
the form of the optimal channel pðx̂∣xÞ; see (14). (B) The precision
and bias of the perceptual channel depend on the available capacity;
higher channel capacity enables lower perceptual error and hence
lower expected cost. (C) The optimal pattern of perceptual general-
ization depends on the particular loss function that the channel seeks
to minimize; this example illustrates an asymmetric loss function
in which Lðx; x̂Þ 6¼Lðx̂; xÞ. (D) In rate-distortion theory, optimal
achievable performance is dictated by a “rate-distortion curve,” which plots the minimum information rate (bits per transmission) necessary to achieve a
given level of expected cost. The slope at any point along this curve is mathematically related to the steepness of the generalization gradient. This
example illustrates the rate-distortion curve for a Gaussian information source with squared error cost function. (E) Without further assumptions, rate-
distortion theory directly predicts an exponential generalization gradient as a function of the cost of perceptual error.
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subject to constraints on information processing
capacity.
Critically, the proposed approach also gen-

erates unique predictions that distinguish it
from competing explanations for the universal
law. These include predictions that relate the
slope of the generalization gradient to information-
theoretic quantities, asymmetric generalization
gradients in situations where there are asym-
metric costs for perceptual error, and the finding
that artificial systems (such as the JPEG image
compression algorithm) can also produce an ex-
ponential generalization gradient. The result is a
revised universal law of perceptual generaliza-
tion, which subsumes Shepard’s statement of the
law as a special case.
The approach uses results from the field of

rate-distortion theory, a subdiscipline within in-
formation theory concerned with the design and
analysis of optimal, but capacity-limited, infor-
mation channels (12–14). Previous work has shown
that rate-distortion theory offers a compelling
account of human visual working memory lim-
itations (15, 16).
The current results can be concisely stated

as follows: Perceptual generalization in any ef-
ficient communication system will necessarily
follow an exponential function of the cost of
perceptual error. In this framework, the emer-
gence of the universal law is the signature of an
organism that seeks to perceive the world as best
as possible, according to some utility measure,
subject to available resource limitations.
Figure 1 shows the theoretical framework

and its properties. Perception is modeled as a
capacity-limited information channel in which
afferent sensory signals (x ) are distributed ac-
cording to the distribution pðxÞ . The perceived
signal (x̂Þ is related to its veridical value by a

conditional probability distribution pðx̂∣xÞ. Ca-
pacity limits in the channel prevent transmit-
ting sensory signals with perfect fidelity, and
hence in general, x̂ ≠ x. Instead, the goal of the
channel is to minimize a given loss function,
specified by Lðx; x̂Þ, subject to the constraint
that the amount of information transmitted
by the channel, measured by the mutual infor-
mation Iðx; x̂Þ, is at or below a capacity limit
C. Rate-distortion theory provides analytical
and numerical tools for solving such constrained
optimization problems (12–14).
Notably, several of the properties illustrated

in Fig. 1 (such as a “bias to the mean effect,”
Fig. 1A) are also predicted by Bayesianmodels of
perception. As both are rational or optimal mod-
els of cognition, this is not surprising. Whereas
Bayesianmodels of perception oftenmake atheo-
retic assumptions about the nature of “internal
noise” within a perceptual channel [e.g., (17)],
rate-distortion theory instead gives sensory pro-
cessing limitations a strong theoretical interpre-
tation in terms of constructs from information
theory. Hence, rate-distortion theory can be
viewed as a special case of the more general
class of Bayesianmodels of perception. As will be
shown presently, this also allows the framework
to generate unique predictions.
To connect rate-distortion theory to percep-

tual generalization, one needs a measure of
the strength of generalization from one stim-
ulus to another. Shepard (6) defined the follow-
ing measure:

Gxx̂≜
pxx̂ # px̂x
px̂x̂ # pxx

! "1
2 ð1Þ

where pxx̂ indicates the probability that a re-
sponse associated with stimulus x̂ is made to

stimulusx. According to Shepard’s universal law,
generalization will follow an exponential func-
tion of the distance between x and x̂ in an ap-
propriate psychological space, where the distance
is assumed to obey the basicmetric axioms. Rate-
distortion theory suggests amore general formu-
lation for this law. Using Shepard’s measure of
generalization, rate-distortion theory directly pre-
dicts that generalization should follow

Gxx̂ ¼ exp s
1
2

#
Lðx; x̂Þ þ Lðx̂ ; xÞ &

$

Lðx; xÞ & Lðx̂ ; x̂Þ
%' ð2Þ

where the constant parameter s < 0 is mono-
tonically related to the capacity of the channel.
Note that this includes Shepard’s original uni-
versal law as a special case. If the loss function
satisfies two of the axioms of distance metrics,
namely symmetry ½Lðx; x̂Þ ¼ Lðx̂ ; xÞ' and iden-
tity ½Lðx; xÞ ¼ Lðx̂ ; x̂Þ ¼ 0', then one can easily
verify that the generalization function reduces to

Gxx̂ ¼ exp½s Lðx; x̂Þ' ð3Þ

Consequently, when the loss function is taken
to be distance in a psychological space, Shepard’s
original universal law emerges from rate-distortion
theory exactly. However, the result in Eq. 2 holds
true under very general conditions, even when
the psychological representation does not corre-
spond to a metric space. As one example, if the
mental representation of complex stimuli consists
of a taxonomy of nested categories (18), the loss
function may be defined in terms of tree dis-
tance between exemplars.
Rate-distortion theory was applied to the re-

sults of several publishedperceptual identification
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Fig. 2. Rate-distortion theory
applied to a range of perceptual
identification experiments.
(A to I) Each panel plots the
strength of generalization against
the inferred cost of perceptual
error. Cost functions were esti-
mated by using Bayesian inference.
Sources of empirical data are as
follows: (A) (27); (B) (28) veteri-
narian data; (C) (29) data from
block 3; (D) (30) experiment 1;
(E) (23) unbiased condition;
(F) (21) signal-to-noise = 0 dB
condition; (G) (31) combined
data from finger and forearm;
(H) (32); (I) (33) subject MP, set
size = 13 condition. (J) Goodness of
fit to the empirical confusion
matrices across all experiments, in
terms of root mean squared error
(RMSE). (K) Deviation between
empirical generalization and the
exponential generalization gradient
predicted by rate-distortion
theory across all experiments.
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channel. An example rate–distortion curve is plotted in the main manuscript in Figure 

1D, for the case of a Gaussian information source, and squared error cost function. 

As shown in the main text, rate–distortion theory predicts behavior that sometimes 

closely resembles the predictions of Bayesian models of perception. The most important 

difference between the two approaches is that Bayesian models of perception often posit 

‘internal noise’, which might be assumed to take the form of Gaussian signal noise with a 

particular variance. In contrast, rate–distortion theory requires no such assumptions; the 

presence of ‘noise’ in the channel emerges from the fact that any physical channel must 

possess only finite channel capacity. Further, within rate–distortion theory, it is not 

necessarily the case that channel noise will be Gaussian in distribution. Rather, the nature 

of noise is optimized implicitly with regards to the capacity limit and loss function that 

the channel seeks to minimize. Hence, by directly minimizing the cost of perceptual 

error, rate–distortion theory can produce what appears to be a posterior distribution in the 

Bayesian framework, without assuming the existence of Bayes’ rule. 

In practice, the rate–distortion optimization problem defined by Eq. (S3) rarely has 

an analytic solution. In most cases, numerical algorithms must be used to determine an 

optimally efficient channel. Blahut (Ref. 13) developed a particularly efficient iterative 

numerical algorithm for solving rate–distortion problems. This algorithm builds on the 

fact that any optimal channel in the rate–distortion sense must simultaneously satisfy two 

conditions: 

 

" ! ∣ ! = " ! exp N	ℒ !, !
" ! exp N	ℒ !, ! O! , -4  

	

" ! = " ! " ! ∣ ! d! . -5  

 

In the above, N < 0 is a parameter that is monotonically related to the capacity of the 

channel. Blahut’s algorithm uses these two equations as an iterative update scheme. For 

example, an initial estimate of "(!) is used to update the estimate of "(! ∣ !) via Eq. 

(S4), and an estimate of " ! ∣ !  is used to update "(!) via Eq. (S5). Blahut showed that 

RDT

subject to constraints on information processing
capacity.
Critically, the proposed approach also gen-

erates unique predictions that distinguish it
from competing explanations for the universal
law. These include predictions that relate the
slope of the generalization gradient to information-
theoretic quantities, asymmetric generalization
gradients in situations where there are asym-
metric costs for perceptual error, and the finding
that artificial systems (such as the JPEG image
compression algorithm) can also produce an ex-
ponential generalization gradient. The result is a
revised universal law of perceptual generaliza-
tion, which subsumes Shepard’s statement of the
law as a special case.
The approach uses results from the field of

rate-distortion theory, a subdiscipline within in-
formation theory concerned with the design and
analysis of optimal, but capacity-limited, infor-
mation channels (12–14). Previous work has shown
that rate-distortion theory offers a compelling
account of human visual working memory lim-
itations (15, 16).
The current results can be concisely stated

as follows: Perceptual generalization in any ef-
ficient communication system will necessarily
follow an exponential function of the cost of
perceptual error. In this framework, the emer-
gence of the universal law is the signature of an
organism that seeks to perceive the world as best
as possible, according to some utility measure,
subject to available resource limitations.
Figure 1 shows the theoretical framework

and its properties. Perception is modeled as a
capacity-limited information channel in which
afferent sensory signals (x ) are distributed ac-
cording to the distribution pðxÞ . The perceived
signal (x̂Þ is related to its veridical value by a

conditional probability distribution pðx̂∣xÞ. Ca-
pacity limits in the channel prevent transmit-
ting sensory signals with perfect fidelity, and
hence in general, x̂ ≠ x. Instead, the goal of the
channel is to minimize a given loss function,
specified by Lðx; x̂Þ, subject to the constraint
that the amount of information transmitted
by the channel, measured by the mutual infor-
mation Iðx; x̂Þ, is at or below a capacity limit
C. Rate-distortion theory provides analytical
and numerical tools for solving such constrained
optimization problems (12–14).
Notably, several of the properties illustrated

in Fig. 1 (such as a “bias to the mean effect,”
Fig. 1A) are also predicted by Bayesianmodels of
perception. As both are rational or optimal mod-
els of cognition, this is not surprising. Whereas
Bayesianmodels of perception oftenmake atheo-
retic assumptions about the nature of “internal
noise” within a perceptual channel [e.g., (17)],
rate-distortion theory instead gives sensory pro-
cessing limitations a strong theoretical interpre-
tation in terms of constructs from information
theory. Hence, rate-distortion theory can be
viewed as a special case of the more general
class of Bayesianmodels of perception. As will be
shown presently, this also allows the framework
to generate unique predictions.
To connect rate-distortion theory to percep-

tual generalization, one needs a measure of
the strength of generalization from one stim-
ulus to another. Shepard (6) defined the follow-
ing measure:

Gxx̂≜
pxx̂ # px̂x
px̂x̂ # pxx

! "1
2 ð1Þ

where pxx̂ indicates the probability that a re-
sponse associated with stimulus x̂ is made to

stimulusx. According to Shepard’s universal law,
generalization will follow an exponential func-
tion of the distance between x and x̂ in an ap-
propriate psychological space, where the distance
is assumed to obey the basicmetric axioms. Rate-
distortion theory suggests amore general formu-
lation for this law. Using Shepard’s measure of
generalization, rate-distortion theory directly pre-
dicts that generalization should follow

Gxx̂ ¼ exp s
1
2

#
Lðx; x̂Þ þ Lðx̂ ; xÞ &

$

Lðx; xÞ & Lðx̂ ; x̂Þ
%' ð2Þ

where the constant parameter s < 0 is mono-
tonically related to the capacity of the channel.
Note that this includes Shepard’s original uni-
versal law as a special case. If the loss function
satisfies two of the axioms of distance metrics,
namely symmetry ½Lðx; x̂Þ ¼ Lðx̂ ; xÞ' and iden-
tity ½Lðx; xÞ ¼ Lðx̂ ; x̂Þ ¼ 0', then one can easily
verify that the generalization function reduces to

Gxx̂ ¼ exp½s Lðx; x̂Þ' ð3Þ

Consequently, when the loss function is taken
to be distance in a psychological space, Shepard’s
original universal law emerges from rate-distortion
theory exactly. However, the result in Eq. 2 holds
true under very general conditions, even when
the psychological representation does not corre-
spond to a metric space. As one example, if the
mental representation of complex stimuli consists
of a taxonomy of nested categories (18), the loss
function may be defined in terms of tree dis-
tance between exemplars.
Rate-distortion theory was applied to the re-

sults of several publishedperceptual identification
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Fig. 2. Rate-distortion theory
applied to a range of perceptual
identification experiments.
(A to I) Each panel plots the
strength of generalization against
the inferred cost of perceptual
error. Cost functions were esti-
mated by using Bayesian inference.
Sources of empirical data are as
follows: (A) (27); (B) (28) veteri-
narian data; (C) (29) data from
block 3; (D) (30) experiment 1;
(E) (23) unbiased condition;
(F) (21) signal-to-noise = 0 dB
condition; (G) (31) combined
data from finger and forearm;
(H) (32); (I) (33) subject MP, set
size = 13 condition. (J) Goodness of
fit to the empirical confusion
matrices across all experiments, in
terms of root mean squared error
(RMSE). (K) Deviation between
empirical generalization and the
exponential generalization gradient
predicted by rate-distortion
theory across all experiments.
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COGNITIVE PSYCHOLOGY

Efficient coding explains the
universal law of generalization
in human perception
Chris R. Sims*

Perceptual generalization and discrimination are fundamental cognitive abilities. For
example, if a bird eats a poisonous butterfly, it will learn to avoid preying on that species
again by generalizing its past experience to new perceptual stimuli. In cognitive science,
the “universal law of generalization” seeks to explain this ability and states that
generalization between stimuli will follow an exponential function of their distance in
“psychological space.” Here, I challenge existing theoretical explanations for the universal
law and offer an alternative account based on the principle of efficient coding. I show
that the universal law emerges inevitably from any information processing system
(whether biological or artificial) that minimizes the cost of perceptual error subject to
constraints on the ability to process or transmit information.

I
f a bird eats a poisonous or unpalatable spe-
cies of butterfly, it will quickly learn to avoid
preying on that species again in the future,
by avoiding butterflies that look visually sim-
ilar (1). This requires perceptual generaliza-

tion, as no two butterflies look exactly alike. If
generalization is too narrow—it learns to avoid
one specific butterfly, but not others of the same
species—the bird will continue tomistakenly con-
sume toxic butterflies. However, if generalization
is too broad—it avoids all butterflies—it will un-
necessarily exclude edible food sources and con-
sequently limit its fitness. A closely related ability
is perceptual discrimination: If an edible species

of butterfly closely resembles a different, toxic
species (Batesian mimicry), the failure to percep-
tually discriminate between the two will also
lead to negative consequences.
These examples demonstrate that adaptive be-

havior requires perceptual generalization and dis-
crimination abilities that are finely calibrated to
the costs of perceptual error. This is true not just
for predator–prey relationships, but is equally
important for expert-level human performance
in domains such as medicine (2). Not surpris-
ingly, the theoretical study of generalization is
also central to progress in artificial intelligence
and machine learning (3–5).

Just over 30 years ago, cognitive scientist Roger
Shepard suggested that perceptual generaliza-
tion was a suitable candidate for the first “uni-
versal law” in psychological science (6). Shepard’s
universal law of generalization states that the
generalization between two stimuli (essentially,
the probability of confusion) decreases as an ex-
ponential function of their distance within an
appropriate metric “psychological space.” This
exponential generalization pattern has indeed
proved to be near-universal, and the success of the
empirical law has been impressive, accounting for
data spanning a wide range of domains, sensory
modalities, and across multiple species (6–8).
Shepard’s explanation for this phenomenon

revolves around the concept of a “consequential
region” within psychological space that corre-
sponds to a concept. For example, the concept
of poisonous butterflies encompasses some set
of stimuli in psychological space. Given one stim-
ulus known to be an element of this set, the task
facing the organism is to infer whether a novel
stimulus will also fall in the same region; this
task can be framed as one of probabilistic infer-
ence. Subsequent work (9, 10) expanded on the
idea of generalization as probabilistic inference,
to include extrapolating from multiple exemplars
and exploring alternative measures of perceptual
distance or dissimilarity.
Here, I offer a qualitatively different explana-

tion for the origins of the universal law in human
perception, based on the principle of efficient
coding (11), or the idea that biological information
processing should seek to maximize performance
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Fig. 1. Perception is modeled as efficient coding. (A) Sensory signals
are samples from a probability distribution pðxÞ (shown in blue) and
transmitted through a capacity-limited information channel, resulting in
a conditional probability distribution, pðx̂∣xÞ (shown in orange), over
perceived signals x̂ for a given input x ¼ x0. The assumed loss function,
Lðx; x̂Þ, in this example is squared error. Rate-distortion theory provides
the form of the optimal channel pðx̂∣xÞ; see (14). (B) The precision
and bias of the perceptual channel depend on the available capacity;
higher channel capacity enables lower perceptual error and hence
lower expected cost. (C) The optimal pattern of perceptual general-
ization depends on the particular loss function that the channel seeks
to minimize; this example illustrates an asymmetric loss function
in which Lðx; x̂Þ 6¼Lðx̂; xÞ. (D) In rate-distortion theory, optimal
achievable performance is dictated by a “rate-distortion curve,” which plots the minimum information rate (bits per transmission) necessary to achieve a
given level of expected cost. The slope at any point along this curve is mathematically related to the steepness of the generalization gradient. This
example illustrates the rate-distortion curve for a Gaussian information source with squared error cost function. (E) Without further assumptions, rate-
distortion theory directly predicts an exponential generalization gradient as a function of the cost of perceptual error.
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subject to constraints on information processing
capacity.
Critically, the proposed approach also gen-

erates unique predictions that distinguish it
from competing explanations for the universal
law. These include predictions that relate the
slope of the generalization gradient to information-
theoretic quantities, asymmetric generalization
gradients in situations where there are asym-
metric costs for perceptual error, and the finding
that artificial systems (such as the JPEG image
compression algorithm) can also produce an ex-
ponential generalization gradient. The result is a
revised universal law of perceptual generaliza-
tion, which subsumes Shepard’s statement of the
law as a special case.
The approach uses results from the field of

rate-distortion theory, a subdiscipline within in-
formation theory concerned with the design and
analysis of optimal, but capacity-limited, infor-
mation channels (12–14). Previous work has shown
that rate-distortion theory offers a compelling
account of human visual working memory lim-
itations (15, 16).
The current results can be concisely stated

as follows: Perceptual generalization in any ef-
ficient communication system will necessarily
follow an exponential function of the cost of
perceptual error. In this framework, the emer-
gence of the universal law is the signature of an
organism that seeks to perceive the world as best
as possible, according to some utility measure,
subject to available resource limitations.
Figure 1 shows the theoretical framework

and its properties. Perception is modeled as a
capacity-limited information channel in which
afferent sensory signals (x ) are distributed ac-
cording to the distribution pðxÞ . The perceived
signal (x̂Þ is related to its veridical value by a

conditional probability distribution pðx̂∣xÞ. Ca-
pacity limits in the channel prevent transmit-
ting sensory signals with perfect fidelity, and
hence in general, x̂ ≠ x. Instead, the goal of the
channel is to minimize a given loss function,
specified by Lðx; x̂Þ, subject to the constraint
that the amount of information transmitted
by the channel, measured by the mutual infor-
mation Iðx; x̂Þ, is at or below a capacity limit
C. Rate-distortion theory provides analytical
and numerical tools for solving such constrained
optimization problems (12–14).
Notably, several of the properties illustrated

in Fig. 1 (such as a “bias to the mean effect,”
Fig. 1A) are also predicted by Bayesianmodels of
perception. As both are rational or optimal mod-
els of cognition, this is not surprising. Whereas
Bayesianmodels of perception oftenmake atheo-
retic assumptions about the nature of “internal
noise” within a perceptual channel [e.g., (17)],
rate-distortion theory instead gives sensory pro-
cessing limitations a strong theoretical interpre-
tation in terms of constructs from information
theory. Hence, rate-distortion theory can be
viewed as a special case of the more general
class of Bayesianmodels of perception. As will be
shown presently, this also allows the framework
to generate unique predictions.
To connect rate-distortion theory to percep-

tual generalization, one needs a measure of
the strength of generalization from one stim-
ulus to another. Shepard (6) defined the follow-
ing measure:

Gxx̂≜
pxx̂ # px̂x
px̂x̂ # pxx

! "1
2 ð1Þ

where pxx̂ indicates the probability that a re-
sponse associated with stimulus x̂ is made to

stimulusx. According to Shepard’s universal law,
generalization will follow an exponential func-
tion of the distance between x and x̂ in an ap-
propriate psychological space, where the distance
is assumed to obey the basicmetric axioms. Rate-
distortion theory suggests amore general formu-
lation for this law. Using Shepard’s measure of
generalization, rate-distortion theory directly pre-
dicts that generalization should follow

Gxx̂ ¼ exp s
1
2

#
Lðx; x̂Þ þ Lðx̂ ; xÞ &

$

Lðx; xÞ & Lðx̂ ; x̂Þ
%' ð2Þ

where the constant parameter s < 0 is mono-
tonically related to the capacity of the channel.
Note that this includes Shepard’s original uni-
versal law as a special case. If the loss function
satisfies two of the axioms of distance metrics,
namely symmetry ½Lðx; x̂Þ ¼ Lðx̂ ; xÞ' and iden-
tity ½Lðx; xÞ ¼ Lðx̂ ; x̂Þ ¼ 0', then one can easily
verify that the generalization function reduces to

Gxx̂ ¼ exp½s Lðx; x̂Þ' ð3Þ

Consequently, when the loss function is taken
to be distance in a psychological space, Shepard’s
original universal law emerges from rate-distortion
theory exactly. However, the result in Eq. 2 holds
true under very general conditions, even when
the psychological representation does not corre-
spond to a metric space. As one example, if the
mental representation of complex stimuli consists
of a taxonomy of nested categories (18), the loss
function may be defined in terms of tree dis-
tance between exemplars.
Rate-distortion theory was applied to the re-

sults of several publishedperceptual identification
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Fig. 2. Rate-distortion theory
applied to a range of perceptual
identification experiments.
(A to I) Each panel plots the
strength of generalization against
the inferred cost of perceptual
error. Cost functions were esti-
mated by using Bayesian inference.
Sources of empirical data are as
follows: (A) (27); (B) (28) veteri-
narian data; (C) (29) data from
block 3; (D) (30) experiment 1;
(E) (23) unbiased condition;
(F) (21) signal-to-noise = 0 dB
condition; (G) (31) combined
data from finger and forearm;
(H) (32); (I) (33) subject MP, set
size = 13 condition. (J) Goodness of
fit to the empirical confusion
matrices across all experiments, in
terms of root mean squared error
(RMSE). (K) Deviation between
empirical generalization and the
exponential generalization gradient
predicted by rate-distortion
theory across all experiments.
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subject to constraints on information processing
capacity.
Critically, the proposed approach also gen-

erates unique predictions that distinguish it
from competing explanations for the universal
law. These include predictions that relate the
slope of the generalization gradient to information-
theoretic quantities, asymmetric generalization
gradients in situations where there are asym-
metric costs for perceptual error, and the finding
that artificial systems (such as the JPEG image
compression algorithm) can also produce an ex-
ponential generalization gradient. The result is a
revised universal law of perceptual generaliza-
tion, which subsumes Shepard’s statement of the
law as a special case.
The approach uses results from the field of

rate-distortion theory, a subdiscipline within in-
formation theory concerned with the design and
analysis of optimal, but capacity-limited, infor-
mation channels (12–14). Previous work has shown
that rate-distortion theory offers a compelling
account of human visual working memory lim-
itations (15, 16).
The current results can be concisely stated

as follows: Perceptual generalization in any ef-
ficient communication system will necessarily
follow an exponential function of the cost of
perceptual error. In this framework, the emer-
gence of the universal law is the signature of an
organism that seeks to perceive the world as best
as possible, according to some utility measure,
subject to available resource limitations.
Figure 1 shows the theoretical framework

and its properties. Perception is modeled as a
capacity-limited information channel in which
afferent sensory signals (x ) are distributed ac-
cording to the distribution pðxÞ . The perceived
signal (x̂Þ is related to its veridical value by a

conditional probability distribution pðx̂∣xÞ. Ca-
pacity limits in the channel prevent transmit-
ting sensory signals with perfect fidelity, and
hence in general, x̂ ≠ x. Instead, the goal of the
channel is to minimize a given loss function,
specified by Lðx; x̂Þ, subject to the constraint
that the amount of information transmitted
by the channel, measured by the mutual infor-
mation Iðx; x̂Þ, is at or below a capacity limit
C. Rate-distortion theory provides analytical
and numerical tools for solving such constrained
optimization problems (12–14).
Notably, several of the properties illustrated

in Fig. 1 (such as a “bias to the mean effect,”
Fig. 1A) are also predicted by Bayesianmodels of
perception. As both are rational or optimal mod-
els of cognition, this is not surprising. Whereas
Bayesianmodels of perception oftenmake atheo-
retic assumptions about the nature of “internal
noise” within a perceptual channel [e.g., (17)],
rate-distortion theory instead gives sensory pro-
cessing limitations a strong theoretical interpre-
tation in terms of constructs from information
theory. Hence, rate-distortion theory can be
viewed as a special case of the more general
class of Bayesianmodels of perception. As will be
shown presently, this also allows the framework
to generate unique predictions.
To connect rate-distortion theory to percep-

tual generalization, one needs a measure of
the strength of generalization from one stim-
ulus to another. Shepard (6) defined the follow-
ing measure:

Gxx̂≜
pxx̂ # px̂x
px̂x̂ # pxx

! "1
2 ð1Þ

where pxx̂ indicates the probability that a re-
sponse associated with stimulus x̂ is made to

stimulusx. According to Shepard’s universal law,
generalization will follow an exponential func-
tion of the distance between x and x̂ in an ap-
propriate psychological space, where the distance
is assumed to obey the basicmetric axioms. Rate-
distortion theory suggests amore general formu-
lation for this law. Using Shepard’s measure of
generalization, rate-distortion theory directly pre-
dicts that generalization should follow

Gxx̂ ¼ exp s
1
2

#
Lðx; x̂Þ þ Lðx̂ ; xÞ &

$

Lðx; xÞ & Lðx̂ ; x̂Þ
%' ð2Þ

where the constant parameter s < 0 is mono-
tonically related to the capacity of the channel.
Note that this includes Shepard’s original uni-
versal law as a special case. If the loss function
satisfies two of the axioms of distance metrics,
namely symmetry ½Lðx; x̂Þ ¼ Lðx̂ ; xÞ' and iden-
tity ½Lðx; xÞ ¼ Lðx̂ ; x̂Þ ¼ 0', then one can easily
verify that the generalization function reduces to

Gxx̂ ¼ exp½s Lðx; x̂Þ' ð3Þ

Consequently, when the loss function is taken
to be distance in a psychological space, Shepard’s
original universal law emerges from rate-distortion
theory exactly. However, the result in Eq. 2 holds
true under very general conditions, even when
the psychological representation does not corre-
spond to a metric space. As one example, if the
mental representation of complex stimuli consists
of a taxonomy of nested categories (18), the loss
function may be defined in terms of tree dis-
tance between exemplars.
Rate-distortion theory was applied to the re-

sults of several publishedperceptual identification

Sims, Science 360, 652–656 (2018) 11 May 2018 2 of 5

Fig. 2. Rate-distortion theory
applied to a range of perceptual
identification experiments.
(A to I) Each panel plots the
strength of generalization against
the inferred cost of perceptual
error. Cost functions were esti-
mated by using Bayesian inference.
Sources of empirical data are as
follows: (A) (27); (B) (28) veteri-
narian data; (C) (29) data from
block 3; (D) (30) experiment 1;
(E) (23) unbiased condition;
(F) (21) signal-to-noise = 0 dB
condition; (G) (31) combined
data from finger and forearm;
(H) (32); (I) (33) subject MP, set
size = 13 condition. (J) Goodness of
fit to the empirical confusion
matrices across all experiments, in
terms of root mean squared error
(RMSE). (K) Deviation between
empirical generalization and the
exponential generalization gradient
predicted by rate-distortion
theory across all experiments.
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channel. An example rate–distortion curve is plotted in the main manuscript in Figure 

1D, for the case of a Gaussian information source, and squared error cost function. 

As shown in the main text, rate–distortion theory predicts behavior that sometimes 

closely resembles the predictions of Bayesian models of perception. The most important 

difference between the two approaches is that Bayesian models of perception often posit 

‘internal noise’, which might be assumed to take the form of Gaussian signal noise with a 

particular variance. In contrast, rate–distortion theory requires no such assumptions; the 

presence of ‘noise’ in the channel emerges from the fact that any physical channel must 

possess only finite channel capacity. Further, within rate–distortion theory, it is not 

necessarily the case that channel noise will be Gaussian in distribution. Rather, the nature 

of noise is optimized implicitly with regards to the capacity limit and loss function that 

the channel seeks to minimize. Hence, by directly minimizing the cost of perceptual 

error, rate–distortion theory can produce what appears to be a posterior distribution in the 

Bayesian framework, without assuming the existence of Bayes’ rule. 

In practice, the rate–distortion optimization problem defined by Eq. (S3) rarely has 

an analytic solution. In most cases, numerical algorithms must be used to determine an 

optimally efficient channel. Blahut (Ref. 13) developed a particularly efficient iterative 

numerical algorithm for solving rate–distortion problems. This algorithm builds on the 

fact that any optimal channel in the rate–distortion sense must simultaneously satisfy two 

conditions: 

 

" ! ∣ ! = " ! exp N	ℒ !, !
" ! exp N	ℒ !, ! O! , -4  

	

" ! = " ! " ! ∣ ! d! . -5  

 

In the above, N < 0 is a parameter that is monotonically related to the capacity of the 

channel. Blahut’s algorithm uses these two equations as an iterative update scheme. For 

example, an initial estimate of "(!) is used to update the estimate of "(! ∣ !) via Eq. 

(S4), and an estimate of " ! ∣ !  is used to update "(!) via Eq. (S5). Blahut showed that 

RDT

subject to constraints on information processing
capacity.
Critically, the proposed approach also gen-

erates unique predictions that distinguish it
from competing explanations for the universal
law. These include predictions that relate the
slope of the generalization gradient to information-
theoretic quantities, asymmetric generalization
gradients in situations where there are asym-
metric costs for perceptual error, and the finding
that artificial systems (such as the JPEG image
compression algorithm) can also produce an ex-
ponential generalization gradient. The result is a
revised universal law of perceptual generaliza-
tion, which subsumes Shepard’s statement of the
law as a special case.
The approach uses results from the field of

rate-distortion theory, a subdiscipline within in-
formation theory concerned with the design and
analysis of optimal, but capacity-limited, infor-
mation channels (12–14). Previous work has shown
that rate-distortion theory offers a compelling
account of human visual working memory lim-
itations (15, 16).
The current results can be concisely stated

as follows: Perceptual generalization in any ef-
ficient communication system will necessarily
follow an exponential function of the cost of
perceptual error. In this framework, the emer-
gence of the universal law is the signature of an
organism that seeks to perceive the world as best
as possible, according to some utility measure,
subject to available resource limitations.
Figure 1 shows the theoretical framework

and its properties. Perception is modeled as a
capacity-limited information channel in which
afferent sensory signals (x ) are distributed ac-
cording to the distribution pðxÞ . The perceived
signal (x̂Þ is related to its veridical value by a

conditional probability distribution pðx̂∣xÞ. Ca-
pacity limits in the channel prevent transmit-
ting sensory signals with perfect fidelity, and
hence in general, x̂ ≠ x. Instead, the goal of the
channel is to minimize a given loss function,
specified by Lðx; x̂Þ, subject to the constraint
that the amount of information transmitted
by the channel, measured by the mutual infor-
mation Iðx; x̂Þ, is at or below a capacity limit
C. Rate-distortion theory provides analytical
and numerical tools for solving such constrained
optimization problems (12–14).
Notably, several of the properties illustrated

in Fig. 1 (such as a “bias to the mean effect,”
Fig. 1A) are also predicted by Bayesianmodels of
perception. As both are rational or optimal mod-
els of cognition, this is not surprising. Whereas
Bayesianmodels of perception oftenmake atheo-
retic assumptions about the nature of “internal
noise” within a perceptual channel [e.g., (17)],
rate-distortion theory instead gives sensory pro-
cessing limitations a strong theoretical interpre-
tation in terms of constructs from information
theory. Hence, rate-distortion theory can be
viewed as a special case of the more general
class of Bayesianmodels of perception. As will be
shown presently, this also allows the framework
to generate unique predictions.
To connect rate-distortion theory to percep-

tual generalization, one needs a measure of
the strength of generalization from one stim-
ulus to another. Shepard (6) defined the follow-
ing measure:

Gxx̂≜
pxx̂ # px̂x
px̂x̂ # pxx

! "1
2 ð1Þ

where pxx̂ indicates the probability that a re-
sponse associated with stimulus x̂ is made to

stimulusx. According to Shepard’s universal law,
generalization will follow an exponential func-
tion of the distance between x and x̂ in an ap-
propriate psychological space, where the distance
is assumed to obey the basicmetric axioms. Rate-
distortion theory suggests amore general formu-
lation for this law. Using Shepard’s measure of
generalization, rate-distortion theory directly pre-
dicts that generalization should follow

Gxx̂ ¼ exp s
1
2

#
Lðx; x̂Þ þ Lðx̂ ; xÞ &

$

Lðx; xÞ & Lðx̂ ; x̂Þ
%' ð2Þ

where the constant parameter s < 0 is mono-
tonically related to the capacity of the channel.
Note that this includes Shepard’s original uni-
versal law as a special case. If the loss function
satisfies two of the axioms of distance metrics,
namely symmetry ½Lðx; x̂Þ ¼ Lðx̂ ; xÞ' and iden-
tity ½Lðx; xÞ ¼ Lðx̂ ; x̂Þ ¼ 0', then one can easily
verify that the generalization function reduces to

Gxx̂ ¼ exp½s Lðx; x̂Þ' ð3Þ

Consequently, when the loss function is taken
to be distance in a psychological space, Shepard’s
original universal law emerges from rate-distortion
theory exactly. However, the result in Eq. 2 holds
true under very general conditions, even when
the psychological representation does not corre-
spond to a metric space. As one example, if the
mental representation of complex stimuli consists
of a taxonomy of nested categories (18), the loss
function may be defined in terms of tree dis-
tance between exemplars.
Rate-distortion theory was applied to the re-
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Fig. 2. Rate-distortion theory
applied to a range of perceptual
identification experiments.
(A to I) Each panel plots the
strength of generalization against
the inferred cost of perceptual
error. Cost functions were esti-
mated by using Bayesian inference.
Sources of empirical data are as
follows: (A) (27); (B) (28) veteri-
narian data; (C) (29) data from
block 3; (D) (30) experiment 1;
(E) (23) unbiased condition;
(F) (21) signal-to-noise = 0 dB
condition; (G) (31) combined
data from finger and forearm;
(H) (32); (I) (33) subject MP, set
size = 13 condition. (J) Goodness of
fit to the empirical confusion
matrices across all experiments, in
terms of root mean squared error
(RMSE). (K) Deviation between
empirical generalization and the
exponential generalization gradient
predicted by rate-distortion
theory across all experiments.
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COGNITIVE PSYCHOLOGY

Efficient coding explains the
universal law of generalization
in human perception
Chris R. Sims*

Perceptual generalization and discrimination are fundamental cognitive abilities. For
example, if a bird eats a poisonous butterfly, it will learn to avoid preying on that species
again by generalizing its past experience to new perceptual stimuli. In cognitive science,
the “universal law of generalization” seeks to explain this ability and states that
generalization between stimuli will follow an exponential function of their distance in
“psychological space.” Here, I challenge existing theoretical explanations for the universal
law and offer an alternative account based on the principle of efficient coding. I show
that the universal law emerges inevitably from any information processing system
(whether biological or artificial) that minimizes the cost of perceptual error subject to
constraints on the ability to process or transmit information.

I
f a bird eats a poisonous or unpalatable spe-
cies of butterfly, it will quickly learn to avoid
preying on that species again in the future,
by avoiding butterflies that look visually sim-
ilar (1). This requires perceptual generaliza-

tion, as no two butterflies look exactly alike. If
generalization is too narrow—it learns to avoid
one specific butterfly, but not others of the same
species—the bird will continue tomistakenly con-
sume toxic butterflies. However, if generalization
is too broad—it avoids all butterflies—it will un-
necessarily exclude edible food sources and con-
sequently limit its fitness. A closely related ability
is perceptual discrimination: If an edible species

of butterfly closely resembles a different, toxic
species (Batesian mimicry), the failure to percep-
tually discriminate between the two will also
lead to negative consequences.
These examples demonstrate that adaptive be-

havior requires perceptual generalization and dis-
crimination abilities that are finely calibrated to
the costs of perceptual error. This is true not just
for predator–prey relationships, but is equally
important for expert-level human performance
in domains such as medicine (2). Not surpris-
ingly, the theoretical study of generalization is
also central to progress in artificial intelligence
and machine learning (3–5).

Just over 30 years ago, cognitive scientist Roger
Shepard suggested that perceptual generaliza-
tion was a suitable candidate for the first “uni-
versal law” in psychological science (6). Shepard’s
universal law of generalization states that the
generalization between two stimuli (essentially,
the probability of confusion) decreases as an ex-
ponential function of their distance within an
appropriate metric “psychological space.” This
exponential generalization pattern has indeed
proved to be near-universal, and the success of the
empirical law has been impressive, accounting for
data spanning a wide range of domains, sensory
modalities, and across multiple species (6–8).
Shepard’s explanation for this phenomenon

revolves around the concept of a “consequential
region” within psychological space that corre-
sponds to a concept. For example, the concept
of poisonous butterflies encompasses some set
of stimuli in psychological space. Given one stim-
ulus known to be an element of this set, the task
facing the organism is to infer whether a novel
stimulus will also fall in the same region; this
task can be framed as one of probabilistic infer-
ence. Subsequent work (9, 10) expanded on the
idea of generalization as probabilistic inference,
to include extrapolating from multiple exemplars
and exploring alternative measures of perceptual
distance or dissimilarity.
Here, I offer a qualitatively different explana-

tion for the origins of the universal law in human
perception, based on the principle of efficient
coding (11), or the idea that biological information
processing should seek to maximize performance
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Fig. 1. Perception is modeled as efficient coding. (A) Sensory signals
are samples from a probability distribution pðxÞ (shown in blue) and
transmitted through a capacity-limited information channel, resulting in
a conditional probability distribution, pðx̂∣xÞ (shown in orange), over
perceived signals x̂ for a given input x ¼ x0. The assumed loss function,
Lðx; x̂Þ, in this example is squared error. Rate-distortion theory provides
the form of the optimal channel pðx̂∣xÞ; see (14). (B) The precision
and bias of the perceptual channel depend on the available capacity;
higher channel capacity enables lower perceptual error and hence
lower expected cost. (C) The optimal pattern of perceptual general-
ization depends on the particular loss function that the channel seeks
to minimize; this example illustrates an asymmetric loss function
in which Lðx; x̂Þ 6¼Lðx̂; xÞ. (D) In rate-distortion theory, optimal
achievable performance is dictated by a “rate-distortion curve,” which plots the minimum information rate (bits per transmission) necessary to achieve a
given level of expected cost. The slope at any point along this curve is mathematically related to the steepness of the generalization gradient. This
example illustrates the rate-distortion curve for a Gaussian information source with squared error cost function. (E) Without further assumptions, rate-
distortion theory directly predicts an exponential generalization gradient as a function of the cost of perceptual error.
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subject to constraints on information processing
capacity.
Critically, the proposed approach also gen-

erates unique predictions that distinguish it
from competing explanations for the universal
law. These include predictions that relate the
slope of the generalization gradient to information-
theoretic quantities, asymmetric generalization
gradients in situations where there are asym-
metric costs for perceptual error, and the finding
that artificial systems (such as the JPEG image
compression algorithm) can also produce an ex-
ponential generalization gradient. The result is a
revised universal law of perceptual generaliza-
tion, which subsumes Shepard’s statement of the
law as a special case.
The approach uses results from the field of

rate-distortion theory, a subdiscipline within in-
formation theory concerned with the design and
analysis of optimal, but capacity-limited, infor-
mation channels (12–14). Previous work has shown
that rate-distortion theory offers a compelling
account of human visual working memory lim-
itations (15, 16).
The current results can be concisely stated

as follows: Perceptual generalization in any ef-
ficient communication system will necessarily
follow an exponential function of the cost of
perceptual error. In this framework, the emer-
gence of the universal law is the signature of an
organism that seeks to perceive the world as best
as possible, according to some utility measure,
subject to available resource limitations.
Figure 1 shows the theoretical framework

and its properties. Perception is modeled as a
capacity-limited information channel in which
afferent sensory signals (x ) are distributed ac-
cording to the distribution pðxÞ . The perceived
signal (x̂Þ is related to its veridical value by a

conditional probability distribution pðx̂∣xÞ. Ca-
pacity limits in the channel prevent transmit-
ting sensory signals with perfect fidelity, and
hence in general, x̂ ≠ x. Instead, the goal of the
channel is to minimize a given loss function,
specified by Lðx; x̂Þ, subject to the constraint
that the amount of information transmitted
by the channel, measured by the mutual infor-
mation Iðx; x̂Þ, is at or below a capacity limit
C. Rate-distortion theory provides analytical
and numerical tools for solving such constrained
optimization problems (12–14).
Notably, several of the properties illustrated

in Fig. 1 (such as a “bias to the mean effect,”
Fig. 1A) are also predicted by Bayesianmodels of
perception. As both are rational or optimal mod-
els of cognition, this is not surprising. Whereas
Bayesianmodels of perception oftenmake atheo-
retic assumptions about the nature of “internal
noise” within a perceptual channel [e.g., (17)],
rate-distortion theory instead gives sensory pro-
cessing limitations a strong theoretical interpre-
tation in terms of constructs from information
theory. Hence, rate-distortion theory can be
viewed as a special case of the more general
class of Bayesianmodels of perception. As will be
shown presently, this also allows the framework
to generate unique predictions.
To connect rate-distortion theory to percep-

tual generalization, one needs a measure of
the strength of generalization from one stim-
ulus to another. Shepard (6) defined the follow-
ing measure:

Gxx̂≜
pxx̂ # px̂x
px̂x̂ # pxx

! "1
2 ð1Þ

where pxx̂ indicates the probability that a re-
sponse associated with stimulus x̂ is made to

stimulusx. According to Shepard’s universal law,
generalization will follow an exponential func-
tion of the distance between x and x̂ in an ap-
propriate psychological space, where the distance
is assumed to obey the basicmetric axioms. Rate-
distortion theory suggests amore general formu-
lation for this law. Using Shepard’s measure of
generalization, rate-distortion theory directly pre-
dicts that generalization should follow

Gxx̂ ¼ exp s
1
2

#
Lðx; x̂Þ þ Lðx̂ ; xÞ &

$

Lðx; xÞ & Lðx̂ ; x̂Þ
%' ð2Þ

where the constant parameter s < 0 is mono-
tonically related to the capacity of the channel.
Note that this includes Shepard’s original uni-
versal law as a special case. If the loss function
satisfies two of the axioms of distance metrics,
namely symmetry ½Lðx; x̂Þ ¼ Lðx̂ ; xÞ' and iden-
tity ½Lðx; xÞ ¼ Lðx̂ ; x̂Þ ¼ 0', then one can easily
verify that the generalization function reduces to

Gxx̂ ¼ exp½s Lðx; x̂Þ' ð3Þ

Consequently, when the loss function is taken
to be distance in a psychological space, Shepard’s
original universal law emerges from rate-distortion
theory exactly. However, the result in Eq. 2 holds
true under very general conditions, even when
the psychological representation does not corre-
spond to a metric space. As one example, if the
mental representation of complex stimuli consists
of a taxonomy of nested categories (18), the loss
function may be defined in terms of tree dis-
tance between exemplars.
Rate-distortion theory was applied to the re-

sults of several publishedperceptual identification
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Fig. 2. Rate-distortion theory
applied to a range of perceptual
identification experiments.
(A to I) Each panel plots the
strength of generalization against
the inferred cost of perceptual
error. Cost functions were esti-
mated by using Bayesian inference.
Sources of empirical data are as
follows: (A) (27); (B) (28) veteri-
narian data; (C) (29) data from
block 3; (D) (30) experiment 1;
(E) (23) unbiased condition;
(F) (21) signal-to-noise = 0 dB
condition; (G) (31) combined
data from finger and forearm;
(H) (32); (I) (33) subject MP, set
size = 13 condition. (J) Goodness of
fit to the empirical confusion
matrices across all experiments, in
terms of root mean squared error
(RMSE). (K) Deviation between
empirical generalization and the
exponential generalization gradient
predicted by rate-distortion
theory across all experiments.

0
1

Taste

0
1

2D shapes

0
1

0 1

Vibrotactile patterns

Haptic stiffness

Loudness

0 1

Musical timbre

Color

Vocal consonants

0 1

Line length

G
en

er
al

iz
at

io
n,

 

A B C

D E F

G H I

0 1

1

RMSE = 0.013

Model fit,
exponential law

Predicted

Model fit,
confusion probability

0 1

0
0

1

RMSE = 0.011

O
bs

er
ve

d

Predicted

J

K

Inferred cost of error

RESEARCH | REPORT

D
ow

nloaded from
 https://w

w
w

.science.org at Q
ueen M

ary, U
niversity of London on June 28, 2025

subject to constraints on information processing
capacity.
Critically, the proposed approach also gen-

erates unique predictions that distinguish it
from competing explanations for the universal
law. These include predictions that relate the
slope of the generalization gradient to information-
theoretic quantities, asymmetric generalization
gradients in situations where there are asym-
metric costs for perceptual error, and the finding
that artificial systems (such as the JPEG image
compression algorithm) can also produce an ex-
ponential generalization gradient. The result is a
revised universal law of perceptual generaliza-
tion, which subsumes Shepard’s statement of the
law as a special case.
The approach uses results from the field of

rate-distortion theory, a subdiscipline within in-
formation theory concerned with the design and
analysis of optimal, but capacity-limited, infor-
mation channels (12–14). Previous work has shown
that rate-distortion theory offers a compelling
account of human visual working memory lim-
itations (15, 16).
The current results can be concisely stated

as follows: Perceptual generalization in any ef-
ficient communication system will necessarily
follow an exponential function of the cost of
perceptual error. In this framework, the emer-
gence of the universal law is the signature of an
organism that seeks to perceive the world as best
as possible, according to some utility measure,
subject to available resource limitations.
Figure 1 shows the theoretical framework

and its properties. Perception is modeled as a
capacity-limited information channel in which
afferent sensory signals (x ) are distributed ac-
cording to the distribution pðxÞ . The perceived
signal (x̂Þ is related to its veridical value by a

conditional probability distribution pðx̂∣xÞ. Ca-
pacity limits in the channel prevent transmit-
ting sensory signals with perfect fidelity, and
hence in general, x̂ ≠ x. Instead, the goal of the
channel is to minimize a given loss function,
specified by Lðx; x̂Þ, subject to the constraint
that the amount of information transmitted
by the channel, measured by the mutual infor-
mation Iðx; x̂Þ, is at or below a capacity limit
C. Rate-distortion theory provides analytical
and numerical tools for solving such constrained
optimization problems (12–14).
Notably, several of the properties illustrated

in Fig. 1 (such as a “bias to the mean effect,”
Fig. 1A) are also predicted by Bayesianmodels of
perception. As both are rational or optimal mod-
els of cognition, this is not surprising. Whereas
Bayesianmodels of perception oftenmake atheo-
retic assumptions about the nature of “internal
noise” within a perceptual channel [e.g., (17)],
rate-distortion theory instead gives sensory pro-
cessing limitations a strong theoretical interpre-
tation in terms of constructs from information
theory. Hence, rate-distortion theory can be
viewed as a special case of the more general
class of Bayesianmodels of perception. As will be
shown presently, this also allows the framework
to generate unique predictions.
To connect rate-distortion theory to percep-

tual generalization, one needs a measure of
the strength of generalization from one stim-
ulus to another. Shepard (6) defined the follow-
ing measure:

Gxx̂≜
pxx̂ # px̂x
px̂x̂ # pxx

! "1
2 ð1Þ

where pxx̂ indicates the probability that a re-
sponse associated with stimulus x̂ is made to

stimulusx. According to Shepard’s universal law,
generalization will follow an exponential func-
tion of the distance between x and x̂ in an ap-
propriate psychological space, where the distance
is assumed to obey the basicmetric axioms. Rate-
distortion theory suggests amore general formu-
lation for this law. Using Shepard’s measure of
generalization, rate-distortion theory directly pre-
dicts that generalization should follow

Gxx̂ ¼ exp s
1
2

#
Lðx; x̂Þ þ Lðx̂ ; xÞ &

$

Lðx; xÞ & Lðx̂ ; x̂Þ
%' ð2Þ

where the constant parameter s < 0 is mono-
tonically related to the capacity of the channel.
Note that this includes Shepard’s original uni-
versal law as a special case. If the loss function
satisfies two of the axioms of distance metrics,
namely symmetry ½Lðx; x̂Þ ¼ Lðx̂ ; xÞ' and iden-
tity ½Lðx; xÞ ¼ Lðx̂ ; x̂Þ ¼ 0', then one can easily
verify that the generalization function reduces to

Gxx̂ ¼ exp½s Lðx; x̂Þ' ð3Þ

Consequently, when the loss function is taken
to be distance in a psychological space, Shepard’s
original universal law emerges from rate-distortion
theory exactly. However, the result in Eq. 2 holds
true under very general conditions, even when
the psychological representation does not corre-
spond to a metric space. As one example, if the
mental representation of complex stimuli consists
of a taxonomy of nested categories (18), the loss
function may be defined in terms of tree dis-
tance between exemplars.
Rate-distortion theory was applied to the re-

sults of several publishedperceptual identification
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Fig. 2. Rate-distortion theory
applied to a range of perceptual
identification experiments.
(A to I) Each panel plots the
strength of generalization against
the inferred cost of perceptual
error. Cost functions were esti-
mated by using Bayesian inference.
Sources of empirical data are as
follows: (A) (27); (B) (28) veteri-
narian data; (C) (29) data from
block 3; (D) (30) experiment 1;
(E) (23) unbiased condition;
(F) (21) signal-to-noise = 0 dB
condition; (G) (31) combined
data from finger and forearm;
(H) (32); (I) (33) subject MP, set
size = 13 condition. (J) Goodness of
fit to the empirical confusion
matrices across all experiments, in
terms of root mean squared error
(RMSE). (K) Deviation between
empirical generalization and the
exponential generalization gradient
predicted by rate-distortion
theory across all experiments.
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channel. An example rate–distortion curve is plotted in the main manuscript in Figure 

1D, for the case of a Gaussian information source, and squared error cost function. 

As shown in the main text, rate–distortion theory predicts behavior that sometimes 

closely resembles the predictions of Bayesian models of perception. The most important 

difference between the two approaches is that Bayesian models of perception often posit 

‘internal noise’, which might be assumed to take the form of Gaussian signal noise with a 

particular variance. In contrast, rate–distortion theory requires no such assumptions; the 

presence of ‘noise’ in the channel emerges from the fact that any physical channel must 

possess only finite channel capacity. Further, within rate–distortion theory, it is not 

necessarily the case that channel noise will be Gaussian in distribution. Rather, the nature 

of noise is optimized implicitly with regards to the capacity limit and loss function that 

the channel seeks to minimize. Hence, by directly minimizing the cost of perceptual 

error, rate–distortion theory can produce what appears to be a posterior distribution in the 

Bayesian framework, without assuming the existence of Bayes’ rule. 

In practice, the rate–distortion optimization problem defined by Eq. (S3) rarely has 

an analytic solution. In most cases, numerical algorithms must be used to determine an 

optimally efficient channel. Blahut (Ref. 13) developed a particularly efficient iterative 

numerical algorithm for solving rate–distortion problems. This algorithm builds on the 

fact that any optimal channel in the rate–distortion sense must simultaneously satisfy two 

conditions: 
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In the above, N < 0 is a parameter that is monotonically related to the capacity of the 

channel. Blahut’s algorithm uses these two equations as an iterative update scheme. For 

example, an initial estimate of "(!) is used to update the estimate of "(! ∣ !) via Eq. 

(S4), and an estimate of " ! ∣ !  is used to update "(!) via Eq. (S5). Blahut showed that 
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subject to constraints on information processing
capacity.
Critically, the proposed approach also gen-

erates unique predictions that distinguish it
from competing explanations for the universal
law. These include predictions that relate the
slope of the generalization gradient to information-
theoretic quantities, asymmetric generalization
gradients in situations where there are asym-
metric costs for perceptual error, and the finding
that artificial systems (such as the JPEG image
compression algorithm) can also produce an ex-
ponential generalization gradient. The result is a
revised universal law of perceptual generaliza-
tion, which subsumes Shepard’s statement of the
law as a special case.
The approach uses results from the field of

rate-distortion theory, a subdiscipline within in-
formation theory concerned with the design and
analysis of optimal, but capacity-limited, infor-
mation channels (12–14). Previous work has shown
that rate-distortion theory offers a compelling
account of human visual working memory lim-
itations (15, 16).
The current results can be concisely stated

as follows: Perceptual generalization in any ef-
ficient communication system will necessarily
follow an exponential function of the cost of
perceptual error. In this framework, the emer-
gence of the universal law is the signature of an
organism that seeks to perceive the world as best
as possible, according to some utility measure,
subject to available resource limitations.
Figure 1 shows the theoretical framework

and its properties. Perception is modeled as a
capacity-limited information channel in which
afferent sensory signals (x ) are distributed ac-
cording to the distribution pðxÞ . The perceived
signal (x̂Þ is related to its veridical value by a

conditional probability distribution pðx̂∣xÞ. Ca-
pacity limits in the channel prevent transmit-
ting sensory signals with perfect fidelity, and
hence in general, x̂ ≠ x. Instead, the goal of the
channel is to minimize a given loss function,
specified by Lðx; x̂Þ, subject to the constraint
that the amount of information transmitted
by the channel, measured by the mutual infor-
mation Iðx; x̂Þ, is at or below a capacity limit
C. Rate-distortion theory provides analytical
and numerical tools for solving such constrained
optimization problems (12–14).
Notably, several of the properties illustrated

in Fig. 1 (such as a “bias to the mean effect,”
Fig. 1A) are also predicted by Bayesianmodels of
perception. As both are rational or optimal mod-
els of cognition, this is not surprising. Whereas
Bayesianmodels of perception oftenmake atheo-
retic assumptions about the nature of “internal
noise” within a perceptual channel [e.g., (17)],
rate-distortion theory instead gives sensory pro-
cessing limitations a strong theoretical interpre-
tation in terms of constructs from information
theory. Hence, rate-distortion theory can be
viewed as a special case of the more general
class of Bayesianmodels of perception. As will be
shown presently, this also allows the framework
to generate unique predictions.
To connect rate-distortion theory to percep-

tual generalization, one needs a measure of
the strength of generalization from one stim-
ulus to another. Shepard (6) defined the follow-
ing measure:

Gxx̂≜
pxx̂ # px̂x
px̂x̂ # pxx
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where pxx̂ indicates the probability that a re-
sponse associated with stimulus x̂ is made to

stimulusx. According to Shepard’s universal law,
generalization will follow an exponential func-
tion of the distance between x and x̂ in an ap-
propriate psychological space, where the distance
is assumed to obey the basicmetric axioms. Rate-
distortion theory suggests amore general formu-
lation for this law. Using Shepard’s measure of
generalization, rate-distortion theory directly pre-
dicts that generalization should follow

Gxx̂ ¼ exp s
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where the constant parameter s < 0 is mono-
tonically related to the capacity of the channel.
Note that this includes Shepard’s original uni-
versal law as a special case. If the loss function
satisfies two of the axioms of distance metrics,
namely symmetry ½Lðx; x̂Þ ¼ Lðx̂ ; xÞ' and iden-
tity ½Lðx; xÞ ¼ Lðx̂ ; x̂Þ ¼ 0', then one can easily
verify that the generalization function reduces to

Gxx̂ ¼ exp½s Lðx; x̂Þ' ð3Þ

Consequently, when the loss function is taken
to be distance in a psychological space, Shepard’s
original universal law emerges from rate-distortion
theory exactly. However, the result in Eq. 2 holds
true under very general conditions, even when
the psychological representation does not corre-
spond to a metric space. As one example, if the
mental representation of complex stimuli consists
of a taxonomy of nested categories (18), the loss
function may be defined in terms of tree dis-
tance between exemplars.
Rate-distortion theory was applied to the re-
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Fig. 2. Rate-distortion theory
applied to a range of perceptual
identification experiments.
(A to I) Each panel plots the
strength of generalization against
the inferred cost of perceptual
error. Cost functions were esti-
mated by using Bayesian inference.
Sources of empirical data are as
follows: (A) (27); (B) (28) veteri-
narian data; (C) (29) data from
block 3; (D) (30) experiment 1;
(E) (23) unbiased condition;
(F) (21) signal-to-noise = 0 dB
condition; (G) (31) combined
data from finger and forearm;
(H) (32); (I) (33) subject MP, set
size = 13 condition. (J) Goodness of
fit to the empirical confusion
matrices across all experiments, in
terms of root mean squared error
(RMSE). (K) Deviation between
empirical generalization and the
exponential generalization gradient
predicted by rate-distortion
theory across all experiments.
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COGNITIVE PSYCHOLOGY

Efficient coding explains the
universal law of generalization
in human perception
Chris R. Sims*

Perceptual generalization and discrimination are fundamental cognitive abilities. For
example, if a bird eats a poisonous butterfly, it will learn to avoid preying on that species
again by generalizing its past experience to new perceptual stimuli. In cognitive science,
the “universal law of generalization” seeks to explain this ability and states that
generalization between stimuli will follow an exponential function of their distance in
“psychological space.” Here, I challenge existing theoretical explanations for the universal
law and offer an alternative account based on the principle of efficient coding. I show
that the universal law emerges inevitably from any information processing system
(whether biological or artificial) that minimizes the cost of perceptual error subject to
constraints on the ability to process or transmit information.

I
f a bird eats a poisonous or unpalatable spe-
cies of butterfly, it will quickly learn to avoid
preying on that species again in the future,
by avoiding butterflies that look visually sim-
ilar (1). This requires perceptual generaliza-

tion, as no two butterflies look exactly alike. If
generalization is too narrow—it learns to avoid
one specific butterfly, but not others of the same
species—the bird will continue tomistakenly con-
sume toxic butterflies. However, if generalization
is too broad—it avoids all butterflies—it will un-
necessarily exclude edible food sources and con-
sequently limit its fitness. A closely related ability
is perceptual discrimination: If an edible species

of butterfly closely resembles a different, toxic
species (Batesian mimicry), the failure to percep-
tually discriminate between the two will also
lead to negative consequences.
These examples demonstrate that adaptive be-

havior requires perceptual generalization and dis-
crimination abilities that are finely calibrated to
the costs of perceptual error. This is true not just
for predator–prey relationships, but is equally
important for expert-level human performance
in domains such as medicine (2). Not surpris-
ingly, the theoretical study of generalization is
also central to progress in artificial intelligence
and machine learning (3–5).

Just over 30 years ago, cognitive scientist Roger
Shepard suggested that perceptual generaliza-
tion was a suitable candidate for the first “uni-
versal law” in psychological science (6). Shepard’s
universal law of generalization states that the
generalization between two stimuli (essentially,
the probability of confusion) decreases as an ex-
ponential function of their distance within an
appropriate metric “psychological space.” This
exponential generalization pattern has indeed
proved to be near-universal, and the success of the
empirical law has been impressive, accounting for
data spanning a wide range of domains, sensory
modalities, and across multiple species (6–8).
Shepard’s explanation for this phenomenon

revolves around the concept of a “consequential
region” within psychological space that corre-
sponds to a concept. For example, the concept
of poisonous butterflies encompasses some set
of stimuli in psychological space. Given one stim-
ulus known to be an element of this set, the task
facing the organism is to infer whether a novel
stimulus will also fall in the same region; this
task can be framed as one of probabilistic infer-
ence. Subsequent work (9, 10) expanded on the
idea of generalization as probabilistic inference,
to include extrapolating from multiple exemplars
and exploring alternative measures of perceptual
distance or dissimilarity.
Here, I offer a qualitatively different explana-

tion for the origins of the universal law in human
perception, based on the principle of efficient
coding (11), or the idea that biological information
processing should seek to maximize performance
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Fig. 1. Perception is modeled as efficient coding. (A) Sensory signals
are samples from a probability distribution pðxÞ (shown in blue) and
transmitted through a capacity-limited information channel, resulting in
a conditional probability distribution, pðx̂∣xÞ (shown in orange), over
perceived signals x̂ for a given input x ¼ x0. The assumed loss function,
Lðx; x̂Þ, in this example is squared error. Rate-distortion theory provides
the form of the optimal channel pðx̂∣xÞ; see (14). (B) The precision
and bias of the perceptual channel depend on the available capacity;
higher channel capacity enables lower perceptual error and hence
lower expected cost. (C) The optimal pattern of perceptual general-
ization depends on the particular loss function that the channel seeks
to minimize; this example illustrates an asymmetric loss function
in which Lðx; x̂Þ 6¼Lðx̂; xÞ. (D) In rate-distortion theory, optimal
achievable performance is dictated by a “rate-distortion curve,” which plots the minimum information rate (bits per transmission) necessary to achieve a
given level of expected cost. The slope at any point along this curve is mathematically related to the steepness of the generalization gradient. This
example illustrates the rate-distortion curve for a Gaussian information source with squared error cost function. (E) Without further assumptions, rate-
distortion theory directly predicts an exponential generalization gradient as a function of the cost of perceptual error.
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this can be computed iteratively 
(Blahut-Arimoto)



subject to constraints on information processing
capacity.
Critically, the proposed approach also gen-

erates unique predictions that distinguish it
from competing explanations for the universal
law. These include predictions that relate the
slope of the generalization gradient to information-
theoretic quantities, asymmetric generalization
gradients in situations where there are asym-
metric costs for perceptual error, and the finding
that artificial systems (such as the JPEG image
compression algorithm) can also produce an ex-
ponential generalization gradient. The result is a
revised universal law of perceptual generaliza-
tion, which subsumes Shepard’s statement of the
law as a special case.
The approach uses results from the field of

rate-distortion theory, a subdiscipline within in-
formation theory concerned with the design and
analysis of optimal, but capacity-limited, infor-
mation channels (12–14). Previous work has shown
that rate-distortion theory offers a compelling
account of human visual working memory lim-
itations (15, 16).
The current results can be concisely stated

as follows: Perceptual generalization in any ef-
ficient communication system will necessarily
follow an exponential function of the cost of
perceptual error. In this framework, the emer-
gence of the universal law is the signature of an
organism that seeks to perceive the world as best
as possible, according to some utility measure,
subject to available resource limitations.
Figure 1 shows the theoretical framework

and its properties. Perception is modeled as a
capacity-limited information channel in which
afferent sensory signals (x ) are distributed ac-
cording to the distribution pðxÞ . The perceived
signal (x̂Þ is related to its veridical value by a

conditional probability distribution pðx̂∣xÞ. Ca-
pacity limits in the channel prevent transmit-
ting sensory signals with perfect fidelity, and
hence in general, x̂ ≠ x. Instead, the goal of the
channel is to minimize a given loss function,
specified by Lðx; x̂Þ, subject to the constraint
that the amount of information transmitted
by the channel, measured by the mutual infor-
mation Iðx; x̂Þ, is at or below a capacity limit
C. Rate-distortion theory provides analytical
and numerical tools for solving such constrained
optimization problems (12–14).
Notably, several of the properties illustrated

in Fig. 1 (such as a “bias to the mean effect,”
Fig. 1A) are also predicted by Bayesianmodels of
perception. As both are rational or optimal mod-
els of cognition, this is not surprising. Whereas
Bayesianmodels of perception oftenmake atheo-
retic assumptions about the nature of “internal
noise” within a perceptual channel [e.g., (17)],
rate-distortion theory instead gives sensory pro-
cessing limitations a strong theoretical interpre-
tation in terms of constructs from information
theory. Hence, rate-distortion theory can be
viewed as a special case of the more general
class of Bayesianmodels of perception. As will be
shown presently, this also allows the framework
to generate unique predictions.
To connect rate-distortion theory to percep-

tual generalization, one needs a measure of
the strength of generalization from one stim-
ulus to another. Shepard (6) defined the follow-
ing measure:

Gxx̂≜
pxx̂ # px̂x
px̂x̂ # pxx

! "1
2 ð1Þ

where pxx̂ indicates the probability that a re-
sponse associated with stimulus x̂ is made to

stimulusx. According to Shepard’s universal law,
generalization will follow an exponential func-
tion of the distance between x and x̂ in an ap-
propriate psychological space, where the distance
is assumed to obey the basicmetric axioms. Rate-
distortion theory suggests amore general formu-
lation for this law. Using Shepard’s measure of
generalization, rate-distortion theory directly pre-
dicts that generalization should follow

Gxx̂ ¼ exp s
1
2

#
Lðx; x̂Þ þ Lðx̂ ; xÞ &

$

Lðx; xÞ & Lðx̂ ; x̂Þ
%' ð2Þ

where the constant parameter s < 0 is mono-
tonically related to the capacity of the channel.
Note that this includes Shepard’s original uni-
versal law as a special case. If the loss function
satisfies two of the axioms of distance metrics,
namely symmetry ½Lðx; x̂Þ ¼ Lðx̂ ; xÞ' and iden-
tity ½Lðx; xÞ ¼ Lðx̂ ; x̂Þ ¼ 0', then one can easily
verify that the generalization function reduces to

Gxx̂ ¼ exp½s Lðx; x̂Þ' ð3Þ

Consequently, when the loss function is taken
to be distance in a psychological space, Shepard’s
original universal law emerges from rate-distortion
theory exactly. However, the result in Eq. 2 holds
true under very general conditions, even when
the psychological representation does not corre-
spond to a metric space. As one example, if the
mental representation of complex stimuli consists
of a taxonomy of nested categories (18), the loss
function may be defined in terms of tree dis-
tance between exemplars.
Rate-distortion theory was applied to the re-

sults of several publishedperceptual identification
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Fig. 2. Rate-distortion theory
applied to a range of perceptual
identification experiments.
(A to I) Each panel plots the
strength of generalization against
the inferred cost of perceptual
error. Cost functions were esti-
mated by using Bayesian inference.
Sources of empirical data are as
follows: (A) (27); (B) (28) veteri-
narian data; (C) (29) data from
block 3; (D) (30) experiment 1;
(E) (23) unbiased condition;
(F) (21) signal-to-noise = 0 dB
condition; (G) (31) combined
data from finger and forearm;
(H) (32); (I) (33) subject MP, set
size = 13 condition. (J) Goodness of
fit to the empirical confusion
matrices across all experiments, in
terms of root mean squared error
(RMSE). (K) Deviation between
empirical generalization and the
exponential generalization gradient
predicted by rate-distortion
theory across all experiments.
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subject to constraints on information processing
capacity.
Critically, the proposed approach also gen-

erates unique predictions that distinguish it
from competing explanations for the universal
law. These include predictions that relate the
slope of the generalization gradient to information-
theoretic quantities, asymmetric generalization
gradients in situations where there are asym-
metric costs for perceptual error, and the finding
that artificial systems (such as the JPEG image
compression algorithm) can also produce an ex-
ponential generalization gradient. The result is a
revised universal law of perceptual generaliza-
tion, which subsumes Shepard’s statement of the
law as a special case.
The approach uses results from the field of

rate-distortion theory, a subdiscipline within in-
formation theory concerned with the design and
analysis of optimal, but capacity-limited, infor-
mation channels (12–14). Previous work has shown
that rate-distortion theory offers a compelling
account of human visual working memory lim-
itations (15, 16).
The current results can be concisely stated

as follows: Perceptual generalization in any ef-
ficient communication system will necessarily
follow an exponential function of the cost of
perceptual error. In this framework, the emer-
gence of the universal law is the signature of an
organism that seeks to perceive the world as best
as possible, according to some utility measure,
subject to available resource limitations.
Figure 1 shows the theoretical framework

and its properties. Perception is modeled as a
capacity-limited information channel in which
afferent sensory signals (x ) are distributed ac-
cording to the distribution pðxÞ . The perceived
signal (x̂Þ is related to its veridical value by a

conditional probability distribution pðx̂∣xÞ. Ca-
pacity limits in the channel prevent transmit-
ting sensory signals with perfect fidelity, and
hence in general, x̂ ≠ x. Instead, the goal of the
channel is to minimize a given loss function,
specified by Lðx; x̂Þ, subject to the constraint
that the amount of information transmitted
by the channel, measured by the mutual infor-
mation Iðx; x̂Þ, is at or below a capacity limit
C. Rate-distortion theory provides analytical
and numerical tools for solving such constrained
optimization problems (12–14).
Notably, several of the properties illustrated

in Fig. 1 (such as a “bias to the mean effect,”
Fig. 1A) are also predicted by Bayesianmodels of
perception. As both are rational or optimal mod-
els of cognition, this is not surprising. Whereas
Bayesianmodels of perception oftenmake atheo-
retic assumptions about the nature of “internal
noise” within a perceptual channel [e.g., (17)],
rate-distortion theory instead gives sensory pro-
cessing limitations a strong theoretical interpre-
tation in terms of constructs from information
theory. Hence, rate-distortion theory can be
viewed as a special case of the more general
class of Bayesianmodels of perception. As will be
shown presently, this also allows the framework
to generate unique predictions.
To connect rate-distortion theory to percep-

tual generalization, one needs a measure of
the strength of generalization from one stim-
ulus to another. Shepard (6) defined the follow-
ing measure:

Gxx̂≜
pxx̂ # px̂x
px̂x̂ # pxx

! "1
2 ð1Þ

where pxx̂ indicates the probability that a re-
sponse associated with stimulus x̂ is made to

stimulusx. According to Shepard’s universal law,
generalization will follow an exponential func-
tion of the distance between x and x̂ in an ap-
propriate psychological space, where the distance
is assumed to obey the basicmetric axioms. Rate-
distortion theory suggests amore general formu-
lation for this law. Using Shepard’s measure of
generalization, rate-distortion theory directly pre-
dicts that generalization should follow

Gxx̂ ¼ exp s
1
2

#
Lðx; x̂Þ þ Lðx̂ ; xÞ &

$

Lðx; xÞ & Lðx̂ ; x̂Þ
%' ð2Þ

where the constant parameter s < 0 is mono-
tonically related to the capacity of the channel.
Note that this includes Shepard’s original uni-
versal law as a special case. If the loss function
satisfies two of the axioms of distance metrics,
namely symmetry ½Lðx; x̂Þ ¼ Lðx̂ ; xÞ' and iden-
tity ½Lðx; xÞ ¼ Lðx̂ ; x̂Þ ¼ 0', then one can easily
verify that the generalization function reduces to

Gxx̂ ¼ exp½s Lðx; x̂Þ' ð3Þ

Consequently, when the loss function is taken
to be distance in a psychological space, Shepard’s
original universal law emerges from rate-distortion
theory exactly. However, the result in Eq. 2 holds
true under very general conditions, even when
the psychological representation does not corre-
spond to a metric space. As one example, if the
mental representation of complex stimuli consists
of a taxonomy of nested categories (18), the loss
function may be defined in terms of tree dis-
tance between exemplars.
Rate-distortion theory was applied to the re-

sults of several publishedperceptual identification
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Fig. 2. Rate-distortion theory
applied to a range of perceptual
identification experiments.
(A to I) Each panel plots the
strength of generalization against
the inferred cost of perceptual
error. Cost functions were esti-
mated by using Bayesian inference.
Sources of empirical data are as
follows: (A) (27); (B) (28) veteri-
narian data; (C) (29) data from
block 3; (D) (30) experiment 1;
(E) (23) unbiased condition;
(F) (21) signal-to-noise = 0 dB
condition; (G) (31) combined
data from finger and forearm;
(H) (32); (I) (33) subject MP, set
size = 13 condition. (J) Goodness of
fit to the empirical confusion
matrices across all experiments, in
terms of root mean squared error
(RMSE). (K) Deviation between
empirical generalization and the
exponential generalization gradient
predicted by rate-distortion
theory across all experiments.
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subject to constraints on information processing
capacity.
Critically, the proposed approach also gen-

erates unique predictions that distinguish it
from competing explanations for the universal
law. These include predictions that relate the
slope of the generalization gradient to information-
theoretic quantities, asymmetric generalization
gradients in situations where there are asym-
metric costs for perceptual error, and the finding
that artificial systems (such as the JPEG image
compression algorithm) can also produce an ex-
ponential generalization gradient. The result is a
revised universal law of perceptual generaliza-
tion, which subsumes Shepard’s statement of the
law as a special case.
The approach uses results from the field of

rate-distortion theory, a subdiscipline within in-
formation theory concerned with the design and
analysis of optimal, but capacity-limited, infor-
mation channels (12–14). Previous work has shown
that rate-distortion theory offers a compelling
account of human visual working memory lim-
itations (15, 16).
The current results can be concisely stated

as follows: Perceptual generalization in any ef-
ficient communication system will necessarily
follow an exponential function of the cost of
perceptual error. In this framework, the emer-
gence of the universal law is the signature of an
organism that seeks to perceive the world as best
as possible, according to some utility measure,
subject to available resource limitations.
Figure 1 shows the theoretical framework

and its properties. Perception is modeled as a
capacity-limited information channel in which
afferent sensory signals (x ) are distributed ac-
cording to the distribution pðxÞ . The perceived
signal (x̂Þ is related to its veridical value by a

conditional probability distribution pðx̂∣xÞ. Ca-
pacity limits in the channel prevent transmit-
ting sensory signals with perfect fidelity, and
hence in general, x̂ ≠ x. Instead, the goal of the
channel is to minimize a given loss function,
specified by Lðx; x̂Þ, subject to the constraint
that the amount of information transmitted
by the channel, measured by the mutual infor-
mation Iðx; x̂Þ, is at or below a capacity limit
C. Rate-distortion theory provides analytical
and numerical tools for solving such constrained
optimization problems (12–14).
Notably, several of the properties illustrated

in Fig. 1 (such as a “bias to the mean effect,”
Fig. 1A) are also predicted by Bayesianmodels of
perception. As both are rational or optimal mod-
els of cognition, this is not surprising. Whereas
Bayesianmodels of perception oftenmake atheo-
retic assumptions about the nature of “internal
noise” within a perceptual channel [e.g., (17)],
rate-distortion theory instead gives sensory pro-
cessing limitations a strong theoretical interpre-
tation in terms of constructs from information
theory. Hence, rate-distortion theory can be
viewed as a special case of the more general
class of Bayesianmodels of perception. As will be
shown presently, this also allows the framework
to generate unique predictions.
To connect rate-distortion theory to percep-

tual generalization, one needs a measure of
the strength of generalization from one stim-
ulus to another. Shepard (6) defined the follow-
ing measure:

Gxx̂≜
pxx̂ # px̂x
px̂x̂ # pxx

! "1
2 ð1Þ

where pxx̂ indicates the probability that a re-
sponse associated with stimulus x̂ is made to

stimulusx. According to Shepard’s universal law,
generalization will follow an exponential func-
tion of the distance between x and x̂ in an ap-
propriate psychological space, where the distance
is assumed to obey the basicmetric axioms. Rate-
distortion theory suggests amore general formu-
lation for this law. Using Shepard’s measure of
generalization, rate-distortion theory directly pre-
dicts that generalization should follow

Gxx̂ ¼ exp s
1
2

#
Lðx; x̂Þ þ Lðx̂ ; xÞ &

$

Lðx; xÞ & Lðx̂ ; x̂Þ
%' ð2Þ

where the constant parameter s < 0 is mono-
tonically related to the capacity of the channel.
Note that this includes Shepard’s original uni-
versal law as a special case. If the loss function
satisfies two of the axioms of distance metrics,
namely symmetry ½Lðx; x̂Þ ¼ Lðx̂ ; xÞ' and iden-
tity ½Lðx; xÞ ¼ Lðx̂ ; x̂Þ ¼ 0', then one can easily
verify that the generalization function reduces to

Gxx̂ ¼ exp½s Lðx; x̂Þ' ð3Þ

Consequently, when the loss function is taken
to be distance in a psychological space, Shepard’s
original universal law emerges from rate-distortion
theory exactly. However, the result in Eq. 2 holds
true under very general conditions, even when
the psychological representation does not corre-
spond to a metric space. As one example, if the
mental representation of complex stimuli consists
of a taxonomy of nested categories (18), the loss
function may be defined in terms of tree dis-
tance between exemplars.
Rate-distortion theory was applied to the re-

sults of several publishedperceptual identification
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Fig. 2. Rate-distortion theory
applied to a range of perceptual
identification experiments.
(A to I) Each panel plots the
strength of generalization against
the inferred cost of perceptual
error. Cost functions were esti-
mated by using Bayesian inference.
Sources of empirical data are as
follows: (A) (27); (B) (28) veteri-
narian data; (C) (29) data from
block 3; (D) (30) experiment 1;
(E) (23) unbiased condition;
(F) (21) signal-to-noise = 0 dB
condition; (G) (31) combined
data from finger and forearm;
(H) (32); (I) (33) subject MP, set
size = 13 condition. (J) Goodness of
fit to the empirical confusion
matrices across all experiments, in
terms of root mean squared error
(RMSE). (K) Deviation between
empirical generalization and the
exponential generalization gradient
predicted by rate-distortion
theory across all experiments.
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channel. An example rate–distortion curve is plotted in the main manuscript in Figure 

1D, for the case of a Gaussian information source, and squared error cost function. 

As shown in the main text, rate–distortion theory predicts behavior that sometimes 

closely resembles the predictions of Bayesian models of perception. The most important 

difference between the two approaches is that Bayesian models of perception often posit 

‘internal noise’, which might be assumed to take the form of Gaussian signal noise with a 

particular variance. In contrast, rate–distortion theory requires no such assumptions; the 

presence of ‘noise’ in the channel emerges from the fact that any physical channel must 

possess only finite channel capacity. Further, within rate–distortion theory, it is not 

necessarily the case that channel noise will be Gaussian in distribution. Rather, the nature 

of noise is optimized implicitly with regards to the capacity limit and loss function that 

the channel seeks to minimize. Hence, by directly minimizing the cost of perceptual 

error, rate–distortion theory can produce what appears to be a posterior distribution in the 

Bayesian framework, without assuming the existence of Bayes’ rule. 

In practice, the rate–distortion optimization problem defined by Eq. (S3) rarely has 

an analytic solution. In most cases, numerical algorithms must be used to determine an 

optimally efficient channel. Blahut (Ref. 13) developed a particularly efficient iterative 

numerical algorithm for solving rate–distortion problems. This algorithm builds on the 

fact that any optimal channel in the rate–distortion sense must simultaneously satisfy two 

conditions: 

 

" ! ∣ ! = " ! exp N	ℒ !, !
" ! exp N	ℒ !, ! O! , -4  

	

" ! = " ! " ! ∣ ! d! . -5  

 

In the above, N < 0 is a parameter that is monotonically related to the capacity of the 

channel. Blahut’s algorithm uses these two equations as an iterative update scheme. For 

example, an initial estimate of "(!) is used to update the estimate of "(! ∣ !) via Eq. 

(S4), and an estimate of " ! ∣ !  is used to update "(!) via Eq. (S5). Blahut showed that 

RDT

subject to constraints on information processing
capacity.
Critically, the proposed approach also gen-

erates unique predictions that distinguish it
from competing explanations for the universal
law. These include predictions that relate the
slope of the generalization gradient to information-
theoretic quantities, asymmetric generalization
gradients in situations where there are asym-
metric costs for perceptual error, and the finding
that artificial systems (such as the JPEG image
compression algorithm) can also produce an ex-
ponential generalization gradient. The result is a
revised universal law of perceptual generaliza-
tion, which subsumes Shepard’s statement of the
law as a special case.
The approach uses results from the field of

rate-distortion theory, a subdiscipline within in-
formation theory concerned with the design and
analysis of optimal, but capacity-limited, infor-
mation channels (12–14). Previous work has shown
that rate-distortion theory offers a compelling
account of human visual working memory lim-
itations (15, 16).
The current results can be concisely stated

as follows: Perceptual generalization in any ef-
ficient communication system will necessarily
follow an exponential function of the cost of
perceptual error. In this framework, the emer-
gence of the universal law is the signature of an
organism that seeks to perceive the world as best
as possible, according to some utility measure,
subject to available resource limitations.
Figure 1 shows the theoretical framework

and its properties. Perception is modeled as a
capacity-limited information channel in which
afferent sensory signals (x ) are distributed ac-
cording to the distribution pðxÞ . The perceived
signal (x̂Þ is related to its veridical value by a

conditional probability distribution pðx̂∣xÞ. Ca-
pacity limits in the channel prevent transmit-
ting sensory signals with perfect fidelity, and
hence in general, x̂ ≠ x. Instead, the goal of the
channel is to minimize a given loss function,
specified by Lðx; x̂Þ, subject to the constraint
that the amount of information transmitted
by the channel, measured by the mutual infor-
mation Iðx; x̂Þ, is at or below a capacity limit
C. Rate-distortion theory provides analytical
and numerical tools for solving such constrained
optimization problems (12–14).
Notably, several of the properties illustrated

in Fig. 1 (such as a “bias to the mean effect,”
Fig. 1A) are also predicted by Bayesianmodels of
perception. As both are rational or optimal mod-
els of cognition, this is not surprising. Whereas
Bayesianmodels of perception oftenmake atheo-
retic assumptions about the nature of “internal
noise” within a perceptual channel [e.g., (17)],
rate-distortion theory instead gives sensory pro-
cessing limitations a strong theoretical interpre-
tation in terms of constructs from information
theory. Hence, rate-distortion theory can be
viewed as a special case of the more general
class of Bayesianmodels of perception. As will be
shown presently, this also allows the framework
to generate unique predictions.
To connect rate-distortion theory to percep-

tual generalization, one needs a measure of
the strength of generalization from one stim-
ulus to another. Shepard (6) defined the follow-
ing measure:

Gxx̂≜
pxx̂ # px̂x
px̂x̂ # pxx

! "1
2 ð1Þ

where pxx̂ indicates the probability that a re-
sponse associated with stimulus x̂ is made to

stimulusx. According to Shepard’s universal law,
generalization will follow an exponential func-
tion of the distance between x and x̂ in an ap-
propriate psychological space, where the distance
is assumed to obey the basicmetric axioms. Rate-
distortion theory suggests amore general formu-
lation for this law. Using Shepard’s measure of
generalization, rate-distortion theory directly pre-
dicts that generalization should follow

Gxx̂ ¼ exp s
1
2

#
Lðx; x̂Þ þ Lðx̂ ; xÞ &

$

Lðx; xÞ & Lðx̂ ; x̂Þ
%' ð2Þ

where the constant parameter s < 0 is mono-
tonically related to the capacity of the channel.
Note that this includes Shepard’s original uni-
versal law as a special case. If the loss function
satisfies two of the axioms of distance metrics,
namely symmetry ½Lðx; x̂Þ ¼ Lðx̂ ; xÞ' and iden-
tity ½Lðx; xÞ ¼ Lðx̂ ; x̂Þ ¼ 0', then one can easily
verify that the generalization function reduces to

Gxx̂ ¼ exp½s Lðx; x̂Þ' ð3Þ

Consequently, when the loss function is taken
to be distance in a psychological space, Shepard’s
original universal law emerges from rate-distortion
theory exactly. However, the result in Eq. 2 holds
true under very general conditions, even when
the psychological representation does not corre-
spond to a metric space. As one example, if the
mental representation of complex stimuli consists
of a taxonomy of nested categories (18), the loss
function may be defined in terms of tree dis-
tance between exemplars.
Rate-distortion theory was applied to the re-

sults of several publishedperceptual identification
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Fig. 2. Rate-distortion theory
applied to a range of perceptual
identification experiments.
(A to I) Each panel plots the
strength of generalization against
the inferred cost of perceptual
error. Cost functions were esti-
mated by using Bayesian inference.
Sources of empirical data are as
follows: (A) (27); (B) (28) veteri-
narian data; (C) (29) data from
block 3; (D) (30) experiment 1;
(E) (23) unbiased condition;
(F) (21) signal-to-noise = 0 dB
condition; (G) (31) combined
data from finger and forearm;
(H) (32); (I) (33) subject MP, set
size = 13 condition. (J) Goodness of
fit to the empirical confusion
matrices across all experiments, in
terms of root mean squared error
(RMSE). (K) Deviation between
empirical generalization and the
exponential generalization gradient
predicted by rate-distortion
theory across all experiments.
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COGNITIVE PSYCHOLOGY

Efficient coding explains the
universal law of generalization
in human perception
Chris R. Sims*

Perceptual generalization and discrimination are fundamental cognitive abilities. For
example, if a bird eats a poisonous butterfly, it will learn to avoid preying on that species
again by generalizing its past experience to new perceptual stimuli. In cognitive science,
the “universal law of generalization” seeks to explain this ability and states that
generalization between stimuli will follow an exponential function of their distance in
“psychological space.” Here, I challenge existing theoretical explanations for the universal
law and offer an alternative account based on the principle of efficient coding. I show
that the universal law emerges inevitably from any information processing system
(whether biological or artificial) that minimizes the cost of perceptual error subject to
constraints on the ability to process or transmit information.

I
f a bird eats a poisonous or unpalatable spe-
cies of butterfly, it will quickly learn to avoid
preying on that species again in the future,
by avoiding butterflies that look visually sim-
ilar (1). This requires perceptual generaliza-

tion, as no two butterflies look exactly alike. If
generalization is too narrow—it learns to avoid
one specific butterfly, but not others of the same
species—the bird will continue tomistakenly con-
sume toxic butterflies. However, if generalization
is too broad—it avoids all butterflies—it will un-
necessarily exclude edible food sources and con-
sequently limit its fitness. A closely related ability
is perceptual discrimination: If an edible species

of butterfly closely resembles a different, toxic
species (Batesian mimicry), the failure to percep-
tually discriminate between the two will also
lead to negative consequences.
These examples demonstrate that adaptive be-

havior requires perceptual generalization and dis-
crimination abilities that are finely calibrated to
the costs of perceptual error. This is true not just
for predator–prey relationships, but is equally
important for expert-level human performance
in domains such as medicine (2). Not surpris-
ingly, the theoretical study of generalization is
also central to progress in artificial intelligence
and machine learning (3–5).

Just over 30 years ago, cognitive scientist Roger
Shepard suggested that perceptual generaliza-
tion was a suitable candidate for the first “uni-
versal law” in psychological science (6). Shepard’s
universal law of generalization states that the
generalization between two stimuli (essentially,
the probability of confusion) decreases as an ex-
ponential function of their distance within an
appropriate metric “psychological space.” This
exponential generalization pattern has indeed
proved to be near-universal, and the success of the
empirical law has been impressive, accounting for
data spanning a wide range of domains, sensory
modalities, and across multiple species (6–8).
Shepard’s explanation for this phenomenon

revolves around the concept of a “consequential
region” within psychological space that corre-
sponds to a concept. For example, the concept
of poisonous butterflies encompasses some set
of stimuli in psychological space. Given one stim-
ulus known to be an element of this set, the task
facing the organism is to infer whether a novel
stimulus will also fall in the same region; this
task can be framed as one of probabilistic infer-
ence. Subsequent work (9, 10) expanded on the
idea of generalization as probabilistic inference,
to include extrapolating from multiple exemplars
and exploring alternative measures of perceptual
distance or dissimilarity.
Here, I offer a qualitatively different explana-

tion for the origins of the universal law in human
perception, based on the principle of efficient
coding (11), or the idea that biological information
processing should seek to maximize performance
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Fig. 1. Perception is modeled as efficient coding. (A) Sensory signals
are samples from a probability distribution pðxÞ (shown in blue) and
transmitted through a capacity-limited information channel, resulting in
a conditional probability distribution, pðx̂∣xÞ (shown in orange), over
perceived signals x̂ for a given input x ¼ x0. The assumed loss function,
Lðx; x̂Þ, in this example is squared error. Rate-distortion theory provides
the form of the optimal channel pðx̂∣xÞ; see (14). (B) The precision
and bias of the perceptual channel depend on the available capacity;
higher channel capacity enables lower perceptual error and hence
lower expected cost. (C) The optimal pattern of perceptual general-
ization depends on the particular loss function that the channel seeks
to minimize; this example illustrates an asymmetric loss function
in which Lðx; x̂Þ 6¼Lðx̂; xÞ. (D) In rate-distortion theory, optimal
achievable performance is dictated by a “rate-distortion curve,” which plots the minimum information rate (bits per transmission) necessary to achieve a
given level of expected cost. The slope at any point along this curve is mathematically related to the steepness of the generalization gradient. This
example illustrates the rate-distortion curve for a Gaussian information source with squared error cost function. (E) Without further assumptions, rate-
distortion theory directly predicts an exponential generalization gradient as a function of the cost of perceptual error.
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THE PSYCHOLOGICAL REVIEW
THE MAGICAL NUMBER SEVEN, PLUS OR MINUS TWO:

SOME LIMITS ON OUR CAPACITY FOR
PROCESSING INFORMATION 1

GEORGE A. MILLER

Harvard University

My problem is that I have been perse-
cuted by an integer. For seven years
this number has followed me around, has
intruded in my most private data, and
has assaulted me from the pages of our
most public journals. This number as-
sumes a variety of disguises, being some-
times a little larger and sometimes a
little smaller than usual, but never
changing so much as to be unrecogniz-
able. The persistence with which this
number plagues me is far more than
a random accident. There is, to quote
a famous senator, a design behind it,
some pattern governing its appearances.
Either there really is something unusual
about the number or else I am suffering
from delusions of persecution.

I shall begin my case history by tell-
ing you about some experiments that
tested how accurately people can assign
numbers to the magnitudes of various
aspects of a stimulus. In the tradi-
tional language of psychology these
would be called experiments in absolute

1This paper was first read as an Invited
Address before the Eastern Psychological As-
sociation in Philadelphia on April IS, 19SS.
Preparation of the paper was supported by
the Harvard Psycho-Acoustic Laboratory un-
der Contract NSori-76 between Harvard Uni-
versity and the Office of Naval Research, U. S.
Navy (Project NR142-201, Report PNR-174).
Reproduction for any purpose of the U. S.
Government is permitted.

judgment. Historical accident, how-
ever, has decreed that they should have
another name. We now call them ex-
periments on the capacity of people to
transmit information. Since these ex-
periments would not have been done
without the appearance of information
theory on the psychological scene, and
since the results are analyzed in terms
of the concepts of information theory,
I shall have to preface my discussion
with a few remarks about this theory.

INFORMATION MEASUREMENT
The "amount of information" is ex-

actly the same concept that we have
talked about for years under the name
of "variance." The equations are dif-
ferent, but if we hold tight to the idea
that anything that increases the vari-
ance also increases the amount of infor-
mation we cannot go far astray.

The advantages of this new way
of talking about variance are simple
enough. Variance is always stated in
terms of the unit of measurement—
inches, pounds, volts, etc.—whereas the
amount of information is a dimension-
less quantity. Since the information in
a discrete statistical distribution does
not depend upon the unit of measure-
ment, we can extend the concept to
situations where we have no metric and
we would not ordinarily think of using
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and we can begin to look at some data.
One bit of information is the amount of
information that we need to make a
decision between two equally likely al-
ternatives. If we must decide whether
a man is less than six feet tall or more
than six feet tall and if we know that
the chances are SO-SO, then we need
one bit of information. Notice that
this unit of information does not refer
in any way to the unit of length that
we use—feet, inches, centimeters, etc.
However you measure the man's height,
we still need just one bit of information.

Two bits of information enable us to
decide among four equally likely alter-
natives. Three bits of information en-
able us to decide among eight equally
likely alternatives. Four bits of infor-
mation decide among 16 alternatives,
five among 32, and so on. That is to
say, if there are 32 equally likely alter-
natives, we must make five successive
binary decisions, worth one bit each, be-
fore we know which alternative is cor-
rect. So the general rule is simple:
every time the number of alternatives
is increased by a factor of two, one bit
of information is added.

There are two ways we might in-
crease the amount of input information.
We could increase the rate at which we
give information to the observer, so that
the amount of information per unit time
would increase. Or we could ignore the
time variable completely and increase
the amount of input information by
increasing the number of alternative
stimuli. In the absolute judgment ex-
periment we are interested in the second
alternative. We give the observer as
much time as he wants to make his re-
sponse; we simply increase the number
of alternative stimuli among which he
must discriminate and look to see where
confusions begin to occur. Confusions
will appear near the point that we are
calling his "channel capacity."

ABSOLUTE JUDGMENTS OF UNI-
DIMENSIONAL STIMULI

Now let us consider what happens
when we make absolute judgments of
tones. Pollack (17) asked listeners to
identify tones by assigning numerals to
them. The tones were different with re-
spect to frequency, and covered the
range from 100 to 8000 cps in equal
logarithmic steps. A tone was sounded
and the listener responded by giving a
numeral. After the listener had made
his response he was told the correct
identification of the tone.

When only two or three tones were
used the listeners never confused them.
With four different tones confusions
were quite rare, but with five or more
tones confusions were frequent. With
fourteen different tones the listeners
made many mistakes.

These data are plotted in Fig. 1.
Along the bottom is the amount of in-
put information in bits per stimulus.
As the number of alternative tones was
increased from 2 to 14, the input infor-
mation increased from 1 to 3.8 bits. On
the ordinate is plotted the amount of
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FIG. 1. Data from Pollack (17, 18) on the
amount of information that is transmitted by
listeners who make absolute judgments of
auditory pitch. As the amount of input in-
formation is increased by increasing from 2
to 14 the number of different pitches to be
judged, the amount of transmitted informa-
tion approaches as its upper limit a channel
capacity of about 2.S bits per judgment.
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transmitted information. The amount
of transmitted information behaves in
much the way we would expect a com-
munication channel to behave; the trans-
mitted information increases linearly up
to about 2 bits and then bends off to-
ward an asymptote at about 2.5 bits.
This value, 2.5 bits, therefore, is what
we are calling the channel capacity of
the listener for absolute judgments of
pitch.

So now we have the number 2.5
bits. What does it mean? First, note
that 2.5 bits corresponds to about six
equally likely alternatives. The result
means that we cannot pick more than
six different pitches that the listener will
never confuse. Or, stated slightly dif-
ferently, no matter how many alterna-
tive tones we ask him to judge, the best
we can expect him to do is to assign
them to about six different classes with-
out error. Or, again, if we know that
there were N alternative stimuli, then
his judgment enables us to narrow down
the particular stimulus to one out of
N/6.

Most people are surprised that the
number is as small as six. Of course,
there is evidence that a musically so-
phisticated person with absolute pitch
can identify accurately any one of 50
or 60 different pitches. Fortunately, I
do not have time to discuss these re-
markable exceptions. I say it is for-
tunate because I do not know how to
explain their superior performance. So
I shall stick to the more pedestrian fact
that most of us can identify about one
out of only five or six pitches before we
begin to get confused.

It is interesting to consider that psy-
chologists have been using seven-point
rating scales for a long time, on the
intuitive basis that trying to rate into
finer categories does not really add much
to the usefulness of the ratings. Pol-
lack's results indicate that, at least for
pitches, this intuition is fairly sound.

1 2 3 4 5
INPUT INFORMATION

FIG. 2. Data from Garner (7) on the chan-
nel capacity for absolute judgments of audi-
tory loudness.

Next you can ask how reproducible
this result is. Does it depend on the
spacing of the tones or the various con-
ditions of judgment? Pollack varied
these conditions in a number of ways.
The range of frequencies can be changed
by a factor of about 20 without chang-
ing the amount of information trans-
mitted more than a small percentage.
Different groupings of the pitches de-
creased the transmission, but the loss
was small. For example, if you can
discriminate five high-pitched tones in
one series and five low-pitched tones in
another series, it is reasonable to ex-
pect that you could combine all ten into
a single series and still tell them all
apart without error. When you try it,
however, it does not work. The chan-
nel capacity for pitch seems to be about
six and that is the best you can do.

While we are on tones, let us look
next at Garner's (7) work on loudness.
Garner's data for loudness are sum-
marized in Fig. 2. Garner went to some
trouble to get the best possible spacing
of his tones over the intensity range
from 15 to 110 db. He used 4, 5, 6, 7,
10, and 20 different stimulus intensities.
The results shown in Fig. 2 take into
account the differences among subjects
and the sequential influence of the im-
mediately preceding judgment. Again
we find that there seems to be a limit.
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FIG. 3. Data from Beebe-Center, Rogers,
and O'Connell (1) on the channel capacity for
absolute judgments of saltiness.

The channel capacity for absolute judg-
ments of loudness is 2.3 bits, or about
five perfectly discriminable alternatives.

Since these two studies were done in
different laboratories with slightly dif-
ferent techniques and methods of analy-
sis, we are not in a good position to
argue whether five loudnesses is signifi-
cantly different from six pitches. Prob-
ably the difference is in the right direc-
tion, and absolute judgments of pitch
are slightly more accurate than absolute
judgments of loudness. The important
point, however, is that the two answers
are of the same order of magnitude.

The experiment has also been done
for taste intensities. In Fig. 3 are the
results obtained by Beebe-Center, Rog-
ers, and O'Connell (1) for absolute
judgments of the concentration of salt
solutions. The concentrations ranged
from 0.3 to 34.7 gm. NaCl per 100
cc. tap water in equal subjective steps.
They used 3, 5, 9, and 17 different con-
centrations. The channel capacity is
1.9 bits, which is about four distinct
concentrations. Thus taste intensities
seem a little less distinctive than audi-
tory stimuli, but again the order of
magnitude is not far off.

On the other hand, the channel ca-
pacity for judgments of visual position
seems to be significantly larger. Hake

and Garner (8) asked observers to in-
terpolate visually between two scale
markers. Their results are shown in
Fig. 4. They did the experiment in
two ways. In one version they let the
observer use any number between zero
and 100 to describe the position, al-
though they presented stimuli at only
5, 10, 20, or SO different positions. The
results with this unlimited response
technique are shown by the filled circles
on the graph. In the other version the
observers were limited in their re-
sponses to reporting just those stimu-
lus values that were possible. That is
to say, in the second version the num-
ber of different responses that the ob-
server could make was exactly the same
as the number of different stimuli that
the experimenter might present. The
results with this limited response tech-
nique are shown by the open circles on
the graph. The two functions are so
similar that it seems fair to conclude
that the number of responses available
to the observer had nothing to do with
the channel capacity of 3.2S bits.

The Hake-Garner experiment has been
repeated by Coonan and Klemmer. Al-
though they have not yet published
their results, they have given me per-
mission to say that they obtained chan-
nel capacities ranging from 3.2 bits for

-3.25
. BITS

8z

100

0 1 2 3 4 5 6

INPUT INFORMATION

FIG. 4. Data from Hake and Garner (8)
on the channel capacity for absolute judg-
ments of the position of a pointer in a linear
interval.
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judgment. Historical accident, how-
ever, has decreed that they should have
another name. We now call them ex-
periments on the capacity of people to
transmit information. Since these ex-
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without the appearance of information
theory on the psychological scene, and
since the results are analyzed in terms
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I shall have to preface my discussion
with a few remarks about this theory.
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mation we cannot go far astray.

The advantages of this new way
of talking about variance are simple
enough. Variance is always stated in
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Figure 1: a. On the left, exponential similarity functions centered on two stimuli x1, x2 → M , with
the black line indicating the decision function g(x1, p)/(g(x1, p) + g(x2, p)) with no resolution (see
Section 2 for explanation). On the center and right, the same quantities are shown in the case of the
presence of finite resolution. Notice that the model becomes uncertain for probes far away from
stimuli x1, x2. b. Visualization of the constant similarity functions of Definition 1.

We measure the generalization capabilities of A using a similarity task in which the model is asked
to perform similarity judgments that respect the metric structure of the stimulus space. The model
is shown n stimuli x1, . . . , xn → S and additional one, called the probe, p → S. It is then asked
to decide which of the n stimuli is the closest to p according to the distance d. Let (x1, . . . , xn), p
be sampled independently from M according to a probability measure ω. We call X the random
variable encoding the index of the closest item to the probe, i.e. X = argmin

i=1,...,n
d(xi, p). Intuitively, the

decision function represents how the model assesses the evidence when determining which input is
most similar to the probe. It formalizes the idea that the model’s choice depends on relative similarity
strengths rather than absolute values. We call Y the random variable indicating the model’s decision,
that we model as follows [26]:

Di(x1, . . . , xn; p) := P(Y = i|(x1, . . . , xn, p)) =
g(xi, p)∑n

k=1 g(xk, p)
. (1)

We quantify the overall generalization capability as the probability of the model making the correct
decision, i.e. pS := P(Y = X).

The identification task is used to measure how accurately stimuli can distinguished from one another.
The task is the same as the similarity task, but with the exception that the probe is always one of the
input stimuli p → {x1, . . . , xn}. This will result in the decision function of Equation (1) always being
of the form

Di(x1, . . . , xn;xj) := P(Y = i|(x1, . . . , xn, xj)) =
g(xi, xj)∑n

k=1 g(xk, xj)
. (2)

If now X(x1, . . . , xn;xj) = j, we write pI := P(Y = X) to indicate the probability of the model
succeeding in the identification task. Equations (1) and (2) can be interpreted, independent of
probabilities, in terms of relative similarity, where pS is taken to represent the average relative
similarity of stimuli that are close compared to stimuli that are further apart. In the same way, pI is
the average relative similarity of equal stimuli compared to different stimuli.

Importantly, when g(xi, xj) = exp(↑µd(xi, xj)), and the decay rate for the exponential is taken to
infinity (µ ↓ ↔), both pS and pI approach 1, (perfect performance); that is, identification and gener-
alization accuracy both benefit by maximizing decay rate . Critically, however, it has been observed
empirically that virtually any loss of precision (i.e., resolution) in computing the similarity function
introduces a fundamental tension between pS (generalization) and pI (identification accuracy) with
respect to decay rate, wherein generalization benefits by decreases in decay rate that dramatically
degrade identification accuracy (Figure 1a). This tension has been referred to as "Miller’s Law" [23].
Here, we provide a formal analysis of this effect, showing that it generalizes to learning in neural
networks, where it imposes a fundamental constraint on the interaction between representations and
efficiency of processing.
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Abstract

Intelligent systems must deploy internal representations that are simultaneously
structured—to support broad generalization—and selective—to preserve input
identity. We expose a fundamental limit on this tradeoff. For any model whose
representational similarity between inputs decays with finite semantic resolution
ω, we derive closed-form expressions that pin its probability of correct general-
ization pS and identification pI to a universal Pareto front independent of input
space geometry. Extending the analysis to noisy, heterogeneous spaces and to
n > 2 inputs predicts a sharp 1/n collapse of multi-input processing capacity and
a non-monotonic optimum for pS . A minimal ReLU network trained end-to-end
reproduces these laws: during learning a resolution boundary self-organizes and
empirical (pS , pI) trajectories closely follow theoretical curves for linearly decay-
ing similarity. Finally, we demonstrate that the same limits persist in two markedly
more complex settings—a convolutional neural network and state-of-the-art vi-
sion–language models—confirming that finite-resolution similarity is a fundamen-
tal emergent informational constraint, not merely a toy-model artifact. Together,
these results provide an exact theory of the generalization-identification trade-off
and clarify how semantic resolution shapes the representational capacity of deep
networks and brains alike.

1 Introduction

Background. Modern neural networks have revolutionized the way we perform everyday tasks.
However, they exhibit inherent tradeoffs between information processing and generalization observed
in cognitive systems [1]. These networks utilize distributed representations that enable efficient
generalization in unseen situations [2–4], but suffer from the binding problem —the inability to
maintain associations between features when processing multiple inputs simultaneously [5–7].

To understand how internal representations help to generalize, we build on Shepard’s Universal
Law of Generalization [8, 9], which frames generalization as minimizing distances in psychological
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Figure 1: a. On the left, exponential similarity functions centered on two stimuli x1, x2 → M , with
the black line indicating the decision function g(x1, p)/(g(x1, p) + g(x2, p)) with no resolution (see
Section 2 for explanation). On the center and right, the same quantities are shown in the case of the
presence of finite resolution. Notice that the model becomes uncertain for probes far away from
stimuli x1, x2. b. Visualization of the constant similarity functions of Definition 1.

We measure the generalization capabilities of A using a similarity task in which the model is asked
to perform similarity judgments that respect the metric structure of the stimulus space. The model
is shown n stimuli x1, . . . , xn → S and additional one, called the probe, p → S. It is then asked
to decide which of the n stimuli is the closest to p according to the distance d. Let (x1, . . . , xn), p
be sampled independently from M according to a probability measure ω. We call X the random
variable encoding the index of the closest item to the probe, i.e. X = argmin

i=1,...,n
d(xi, p). Intuitively, the

decision function represents how the model assesses the evidence when determining which input is
most similar to the probe. It formalizes the idea that the model’s choice depends on relative similarity
strengths rather than absolute values. We call Y the random variable indicating the model’s decision,
that we model as follows [26]:

Di(x1, . . . , xn; p) := P(Y = i|(x1, . . . , xn, p)) =
g(xi, p)∑n

k=1 g(xk, p)
. (1)

We quantify the overall generalization capability as the probability of the model making the correct
decision, i.e. pS := P(Y = X).

The identification task is used to measure how accurately stimuli can distinguished from one another.
The task is the same as the similarity task, but with the exception that the probe is always one of the
input stimuli p → {x1, . . . , xn}. This will result in the decision function of Equation (1) always being
of the form

Di(x1, . . . , xn;xj) := P(Y = i|(x1, . . . , xn, xj)) =
g(xi, xj)∑n

k=1 g(xk, xj)
. (2)

If now X(x1, . . . , xn;xj) = j, we write pI := P(Y = X) to indicate the probability of the model
succeeding in the identification task. Equations (1) and (2) can be interpreted, independent of
probabilities, in terms of relative similarity, where pS is taken to represent the average relative
similarity of stimuli that are close compared to stimuli that are further apart. In the same way, pI is
the average relative similarity of equal stimuli compared to different stimuli.

Importantly, when g(xi, xj) = exp(↑µd(xi, xj)), and the decay rate for the exponential is taken to
infinity (µ ↓ ↔), both pS and pI approach 1, (perfect performance); that is, identification and gener-
alization accuracy both benefit by maximizing decay rate . Critically, however, it has been observed
empirically that virtually any loss of precision (i.e., resolution) in computing the similarity function
introduces a fundamental tension between pS (generalization) and pI (identification accuracy) with
respect to decay rate, wherein generalization benefits by decreases in decay rate that dramatically
degrade identification accuracy (Figure 1a). This tension has been referred to as "Miller’s Law" [23].
Here, we provide a formal analysis of this effect, showing that it generalizes to learning in neural
networks, where it imposes a fundamental constraint on the interaction between representations and
efficiency of processing.
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Intelligent systems must deploy internal representations that are simultaneously
structured—to support broad generalization—and selective—to preserve input
identity. We expose a fundamental limit on this tradeoff. For any model whose
representational similarity between inputs decays with finite semantic resolution
ω, we derive closed-form expressions that pin its probability of correct general-
ization pS and identification pI to a universal Pareto front independent of input
space geometry. Extending the analysis to noisy, heterogeneous spaces and to
n > 2 inputs predicts a sharp 1/n collapse of multi-input processing capacity and
a non-monotonic optimum for pS . A minimal ReLU network trained end-to-end
reproduces these laws: during learning a resolution boundary self-organizes and
empirical (pS , pI) trajectories closely follow theoretical curves for linearly decay-
ing similarity. Finally, we demonstrate that the same limits persist in two markedly
more complex settings—a convolutional neural network and state-of-the-art vi-
sion–language models—confirming that finite-resolution similarity is a fundamen-
tal emergent informational constraint, not merely a toy-model artifact. Together,
these results provide an exact theory of the generalization-identification trade-off
and clarify how semantic resolution shapes the representational capacity of deep
networks and brains alike.

1 Introduction

Background. Modern neural networks have revolutionized the way we perform everyday tasks.
However, they exhibit inherent tradeoffs between information processing and generalization observed
in cognitive systems [1]. These networks utilize distributed representations that enable efficient
generalization in unseen situations [2–4], but suffer from the binding problem —the inability to
maintain associations between features when processing multiple inputs simultaneously [5–7].

To understand how internal representations help to generalize, we build on Shepard’s Universal
Law of Generalization [8, 9], which frames generalization as minimizing distances in psychological
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Figure 1: a. On the left, exponential similarity functions centered on two stimuli x1, x2 → M , with
the black line indicating the decision function g(x1, p)/(g(x1, p) + g(x2, p)) with no resolution (see
Section 2 for explanation). On the center and right, the same quantities are shown in the case of the
presence of finite resolution. Notice that the model becomes uncertain for probes far away from
stimuli x1, x2. b. Visualization of the constant similarity functions of Definition 1.

We measure the generalization capabilities of A using a similarity task in which the model is asked
to perform similarity judgments that respect the metric structure of the stimulus space. The model
is shown n stimuli x1, . . . , xn → S and additional one, called the probe, p → S. It is then asked
to decide which of the n stimuli is the closest to p according to the distance d. Let (x1, . . . , xn), p
be sampled independently from M according to a probability measure ω. We call X the random
variable encoding the index of the closest item to the probe, i.e. X = argmin

i=1,...,n
d(xi, p). Intuitively, the

decision function represents how the model assesses the evidence when determining which input is
most similar to the probe. It formalizes the idea that the model’s choice depends on relative similarity
strengths rather than absolute values. We call Y the random variable indicating the model’s decision,
that we model as follows [26]:

Di(x1, . . . , xn; p) := P(Y = i|(x1, . . . , xn, p)) =
g(xi, p)∑n

k=1 g(xk, p)
. (1)

We quantify the overall generalization capability as the probability of the model making the correct
decision, i.e. pS := P(Y = X).

The identification task is used to measure how accurately stimuli can distinguished from one another.
The task is the same as the similarity task, but with the exception that the probe is always one of the
input stimuli p → {x1, . . . , xn}. This will result in the decision function of Equation (1) always being
of the form

Di(x1, . . . , xn;xj) := P(Y = i|(x1, . . . , xn, xj)) =
g(xi, xj)∑n

k=1 g(xk, xj)
. (2)

If now X(x1, . . . , xn;xj) = j, we write pI := P(Y = X) to indicate the probability of the model
succeeding in the identification task. Equations (1) and (2) can be interpreted, independent of
probabilities, in terms of relative similarity, where pS is taken to represent the average relative
similarity of stimuli that are close compared to stimuli that are further apart. In the same way, pI is
the average relative similarity of equal stimuli compared to different stimuli.

Importantly, when g(xi, xj) = exp(↑µd(xi, xj)), and the decay rate for the exponential is taken to
infinity (µ ↓ ↔), both pS and pI approach 1, (perfect performance); that is, identification and gener-
alization accuracy both benefit by maximizing decay rate . Critically, however, it has been observed
empirically that virtually any loss of precision (i.e., resolution) in computing the similarity function
introduces a fundamental tension between pS (generalization) and pI (identification accuracy) with
respect to decay rate, wherein generalization benefits by decreases in decay rate that dramatically
degrade identification accuracy (Figure 1a). This tension has been referred to as "Miller’s Law" [23].
Here, we provide a formal analysis of this effect, showing that it generalizes to learning in neural
networks, where it imposes a fundamental constraint on the interaction between representations and
efficiency of processing.
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Intelligent systems must deploy internal representations that are simultaneously
structured—to support broad generalization—and selective—to preserve input
identity. We expose a fundamental limit on this tradeoff. For any model whose
representational similarity between inputs decays with finite semantic resolution
ω, we derive closed-form expressions that pin its probability of correct general-
ization pS and identification pI to a universal Pareto front independent of input
space geometry. Extending the analysis to noisy, heterogeneous spaces and to
n > 2 inputs predicts a sharp 1/n collapse of multi-input processing capacity and
a non-monotonic optimum for pS . A minimal ReLU network trained end-to-end
reproduces these laws: during learning a resolution boundary self-organizes and
empirical (pS , pI) trajectories closely follow theoretical curves for linearly decay-
ing similarity. Finally, we demonstrate that the same limits persist in two markedly
more complex settings—a convolutional neural network and state-of-the-art vi-
sion–language models—confirming that finite-resolution similarity is a fundamen-
tal emergent informational constraint, not merely a toy-model artifact. Together,
these results provide an exact theory of the generalization-identification trade-off
and clarify how semantic resolution shapes the representational capacity of deep
networks and brains alike.

1 Introduction

Background. Modern neural networks have revolutionized the way we perform everyday tasks.
However, they exhibit inherent tradeoffs between information processing and generalization observed
in cognitive systems [1]. These networks utilize distributed representations that enable efficient
generalization in unseen situations [2–4], but suffer from the binding problem —the inability to
maintain associations between features when processing multiple inputs simultaneously [5–7].

To understand how internal representations help to generalize, we build on Shepard’s Universal
Law of Generalization [8, 9], which frames generalization as minimizing distances in psychological
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Figure 1: a. On the left, exponential similarity functions centered on two stimuli x1, x2 → M , with
the black line indicating the decision function g(x1, p)/(g(x1, p) + g(x2, p)) with no resolution (see
Section 2 for explanation). On the center and right, the same quantities are shown in the case of the
presence of finite resolution. Notice that the model becomes uncertain for probes far away from
stimuli x1, x2. b. Visualization of the constant similarity functions of Definition 1.

We measure the generalization capabilities of A using a similarity task in which the model is asked
to perform similarity judgments that respect the metric structure of the stimulus space. The model
is shown n stimuli x1, . . . , xn → S and additional one, called the probe, p → S. It is then asked
to decide which of the n stimuli is the closest to p according to the distance d. Let (x1, . . . , xn), p
be sampled independently from M according to a probability measure ω. We call X the random
variable encoding the index of the closest item to the probe, i.e. X = argmin

i=1,...,n
d(xi, p). Intuitively, the

decision function represents how the model assesses the evidence when determining which input is
most similar to the probe. It formalizes the idea that the model’s choice depends on relative similarity
strengths rather than absolute values. We call Y the random variable indicating the model’s decision,
that we model as follows [26]:

Di(x1, . . . , xn; p) := P(Y = i|(x1, . . . , xn, p)) =
g(xi, p)∑n

k=1 g(xk, p)
. (1)

We quantify the overall generalization capability as the probability of the model making the correct
decision, i.e. pS := P(Y = X).

The identification task is used to measure how accurately stimuli can distinguished from one another.
The task is the same as the similarity task, but with the exception that the probe is always one of the
input stimuli p → {x1, . . . , xn}. This will result in the decision function of Equation (1) always being
of the form

Di(x1, . . . , xn;xj) := P(Y = i|(x1, . . . , xn, xj)) =
g(xi, xj)∑n

k=1 g(xk, xj)
. (2)

If now X(x1, . . . , xn;xj) = j, we write pI := P(Y = X) to indicate the probability of the model
succeeding in the identification task. Equations (1) and (2) can be interpreted, independent of
probabilities, in terms of relative similarity, where pS is taken to represent the average relative
similarity of stimuli that are close compared to stimuli that are further apart. In the same way, pI is
the average relative similarity of equal stimuli compared to different stimuli.

Importantly, when g(xi, xj) = exp(↑µd(xi, xj)), and the decay rate for the exponential is taken to
infinity (µ ↓ ↔), both pS and pI approach 1, (perfect performance); that is, identification and gener-
alization accuracy both benefit by maximizing decay rate . Critically, however, it has been observed
empirically that virtually any loss of precision (i.e., resolution) in computing the similarity function
introduces a fundamental tension between pS (generalization) and pI (identification accuracy) with
respect to decay rate, wherein generalization benefits by decreases in decay rate that dramatically
degrade identification accuracy (Figure 1a). This tension has been referred to as "Miller’s Law" [23].
Here, we provide a formal analysis of this effect, showing that it generalizes to learning in neural
networks, where it imposes a fundamental constraint on the interaction between representations and
efficiency of processing.
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Abstract

Intelligent systems must deploy internal representations that are simultaneously
structured—to support broad generalization—and selective—to preserve input
identity. We expose a fundamental limit on this tradeoff. For any model whose
representational similarity between inputs decays with finite semantic resolution
ω, we derive closed-form expressions that pin its probability of correct general-
ization pS and identification pI to a universal Pareto front independent of input
space geometry. Extending the analysis to noisy, heterogeneous spaces and to
n > 2 inputs predicts a sharp 1/n collapse of multi-input processing capacity and
a non-monotonic optimum for pS . A minimal ReLU network trained end-to-end
reproduces these laws: during learning a resolution boundary self-organizes and
empirical (pS , pI) trajectories closely follow theoretical curves for linearly decay-
ing similarity. Finally, we demonstrate that the same limits persist in two markedly
more complex settings—a convolutional neural network and state-of-the-art vi-
sion–language models—confirming that finite-resolution similarity is a fundamen-
tal emergent informational constraint, not merely a toy-model artifact. Together,
these results provide an exact theory of the generalization-identification trade-off
and clarify how semantic resolution shapes the representational capacity of deep
networks and brains alike.

1 Introduction

Background. Modern neural networks have revolutionized the way we perform everyday tasks.
However, they exhibit inherent tradeoffs between information processing and generalization observed
in cognitive systems [1]. These networks utilize distributed representations that enable efficient
generalization in unseen situations [2–4], but suffer from the binding problem —the inability to
maintain associations between features when processing multiple inputs simultaneously [5–7].

To understand how internal representations help to generalize, we build on Shepard’s Universal
Law of Generalization [8, 9], which frames generalization as minimizing distances in psychological
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Intelligent systems must deploy internal representations that are simultaneously
structured—to support broad generalization—and selective—to preserve input
identity. We expose a fundamental limit on this tradeoff. For any model whose
representational similarity between inputs decays with finite semantic resolution
ω, we derive closed-form expressions that pin its probability of correct general-
ization pS and identification pI to a universal Pareto front independent of input
space geometry. Extending the analysis to noisy, heterogeneous spaces and to
n > 2 inputs predicts a sharp 1/n collapse of multi-input processing capacity and
a non-monotonic optimum for pS . A minimal ReLU network trained end-to-end
reproduces these laws: during learning a resolution boundary self-organizes and
empirical (pS , pI) trajectories closely follow theoretical curves for linearly decay-
ing similarity. Finally, we demonstrate that the same limits persist in two markedly
more complex settings—a convolutional neural network and state-of-the-art vi-
sion–language models—confirming that finite-resolution similarity is a fundamen-
tal emergent informational constraint, not merely a toy-model artifact. Together,
these results provide an exact theory of the generalization-identification trade-off
and clarify how semantic resolution shapes the representational capacity of deep
networks and brains alike.

1 Introduction

Background. Modern neural networks have revolutionized the way we perform everyday tasks.
However, they exhibit inherent tradeoffs between information processing and generalization observed
in cognitive systems [1]. These networks utilize distributed representations that enable efficient
generalization in unseen situations [2–4], but suffer from the binding problem —the inability to
maintain associations between features when processing multiple inputs simultaneously [5–7].

To understand how internal representations help to generalize, we build on Shepard’s Universal
Law of Generalization [8, 9], which frames generalization as minimizing distances in psychological
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First, note that the variance of the ball volume appears in Equation (3) as a term responsible for
decreasing the probability of success in the similarity test. This happens when the probability distri-
bution is non-uniform or the space is heterogeneous, as for a manifold with boundary). Spaces which
are homogeneous (in Haar measure) with uniform probability distributions will have Var(b(ω)) = 0,
hence performing similarity tests on them will be easier. Therefore, models will perform better on
uniform data manifolds (such as rotations), than on manifolds with varying density (such as natural
images).

The specific values of pI(ω) and pS(ω) can vary depending on the space chosen. However, assuming
Var(b(ω)) = 0, they are both parametrized by →b(ω)↑, which is always a non-decreasing function of
ω from 0 to 1. This means that, in the (pS , pI) plane, there is a “universal” Pareto curve relating
identification to generalization accuracy that is independent of M and ε (Figure 2a). Indeed, as
we will show in Section 4, the distance of empirical performances from the Pareto front directly
quantifies the additional ‘difficulty’ introduced by the heterogeneity of the stimuli space (Figure 2b).

Figure 2: a. The region in (pS , pI)
plane where the model’s performances
lie (Theorem 1). The black line is pa-
rameterized by the resolution ω and rep-
resents the behaviour of the model in
homogeneous spaces. b. Effect of het-
erogeneity Var(b(ω)) on the similarity
test performance.

This curve exhibits three regimes as a function of the ball’s
resolution ω.

Low ω regime. For small resolutions, the similarity func-
tions act like Dirac deltas, meaning that representations do
not interfere with one another and thus are perfectly distin-
guishable (pI ↓ 1). However, small resolutions mean that
the model is able to recognize two objects as similar only
if they are very close, limiting generalization (pS ↓ 0.5,
chance level).

Medium ω regime. Increasing ω elicits the similarity-
identification tradeoff: As ω increases, the similarity mea-
sure for more distant stimuli becomes more robust, and
thus the structure of the space can be more accurately rep-
resented. However, this comes at the cost of nearby stimuli
becoming more similar, thereby producing interference
that decreases pI . Importantly, pS reaches a maximum at
→b(ω)↑ = 1

2 , i.e. when the average ball covers half of the
space.

High ω regime. Once ϑ increases beyond →b(ω)↑ > 1
2 , the

cases in which stimuli interfere d(x1, p) ↔ ω, d(x2, p) ↔ ω
outweigh the ones in which the probe is too far away
d(x1, p) > ω, d(x2, p) > ω, resulting in a decrease in both
pS and pI .
The effect of noise. The result of Theorem 1 can be read-
ily extended to take into account the presence of nonzero
noise outside the resolution region.
Theorem 2 (Noise). Under the same assumptions of The-
orem 1, for the two-item similarity and identification tests
with constant similarity functions g = gω;! with noise
level ! ↗ 0 it holds that

pS(ω,!) =
1

2
+

1↘!

1 +!
(→b(ω)↑ ↘ →b(ω)2↑), (5)

pI(ω,!) =
2↘ (1↘!)→b(ω)↑

2 + 2!
. (6)

Proof. The proof can be found in Appendix A.3.

The effect of noise can be appreciated in Figure 2a as a
monotonous decrease in both pS and pI .

Processing of multiple stimuli. The foregoing analyses may provide a formal account of why
humans and large neural networks alike exhibit dramatic processing constraints in simple tasks (e.g.
visual working memory tasks and numerosity judgments), that demand simultaneous processing of
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Abstract

Intelligent systems must deploy internal representations that are simultaneously
structured—to support broad generalization—and selective—to preserve input
identity. We expose a fundamental limit on this tradeoff. For any model whose
representational similarity between inputs decays with finite semantic resolution
ω, we derive closed-form expressions that pin its probability of correct general-
ization pS and identification pI to a universal Pareto front independent of input
space geometry. Extending the analysis to noisy, heterogeneous spaces and to
n > 2 inputs predicts a sharp 1/n collapse of multi-input processing capacity and
a non-monotonic optimum for pS . A minimal ReLU network trained end-to-end
reproduces these laws: during learning a resolution boundary self-organizes and
empirical (pS , pI) trajectories closely follow theoretical curves for linearly decay-
ing similarity. Finally, we demonstrate that the same limits persist in two markedly
more complex settings—a convolutional neural network and state-of-the-art vi-
sion–language models—confirming that finite-resolution similarity is a fundamen-
tal emergent informational constraint, not merely a toy-model artifact. Together,
these results provide an exact theory of the generalization-identification trade-off
and clarify how semantic resolution shapes the representational capacity of deep
networks and brains alike.

1 Introduction

Background. Modern neural networks have revolutionized the way we perform everyday tasks.
However, they exhibit inherent tradeoffs between information processing and generalization observed
in cognitive systems [1]. These networks utilize distributed representations that enable efficient
generalization in unseen situations [2–4], but suffer from the binding problem —the inability to
maintain associations between features when processing multiple inputs simultaneously [5–7].

To understand how internal representations help to generalize, we build on Shepard’s Universal
Law of Generalization [8, 9], which frames generalization as minimizing distances in psychological
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Generalization vs Processing

The effect of resolution. 2 To show this, we formally consider how a limit in precision with
which the model can compute a similarity function impacts both identification and generalization
accuracy. Such a limit might arise from any number of factors: computational noise, finite precision,
ReLU activations clamping negative correlations to zero (see Section 4), or imprecisely coded distant
relationships. These can all be formalized as a resolution ω > 0 such that g(x, y) → ! if d(x, y) > ω,
where ! is a noise parameter. As shown in Figure 1a, the resolution drastically affects decision
boundaries (the black line): for probes sufficiently far from both stimuli, the decision function
approaches 1/2 indicating maximal uncertain. Resolution thus represents the model’s inherent
limitation in gauging low similarities between distant stimuli.

Generalization-Identification Tradeoff (Miller’s Law). To analyze this, we use a simplified
similarity function. If A is the indicator function over the set A, and Br(x) is the closed ball
of center x and radius r over M , Br(x) = {y ↑ M : d(x, y) ↓ r}, the similarity function can be
defined as follows:
Definition 1. The constant similarity function with resolution ω and noise ! is gω;!(x, y) =
Bω(x)(y) +! M\Bω(x)(y).

According to this function, the model will judge two things to be similar (gω;!(x, y) = 1) if and only
if they are closer than a certain threshold ω > 0. Outside of this “resolution region” the similarity
value is fixed to a noise value ! > 0.

This simplified model aligns with Shepard’s Universal Law of Generalization [9], where similarity
decays exponentially with distance: g(x, y) = exp(↔µd(x, y)). In Shepard’s formulations, the
parameter µ controls the sensitivity to distance, with larger µ creating sharper similarity boundaries.
This is conceptually similar to controlling the temperature parameter in a softmax function, in which
lower temperatures induce sharper probability distributions, while higher temperatures make them
more uniform. In our framework, ω serves an analogous role, controlling the distance of the similarity
functions or the spatial range of entanglement (or semanticity) of the representations.

Below, we use this to quantify the generalization-identification tradeoff as a function of ω.

3 Theoretical results

We use the constant similarity function defined above to derive closed form solutions for the values
of pS and pI over a broad class of stimulus spaces and probability distributions over them.

Accordingly, we denote bp(ω) as the probability measure of the closed ball of radius ω centered in p,
bp(ω) := ε(Bω(p)). Furthermore, let ↗b(ω)↘ = Ep→ε [bp(ω)] be the average measure of a ball of radius
ω in M , and Var(b(ω)) its variance. The variance term Var(b(ω)) captures how the probability mass of
ω-balls varies across space. Intuitively, this measures the heterogeneity of the stimulus space–that is,
how differently ‘crowded’ regions are, which, in turn, compromises similarity judgments. Additional
assumptions and notations are described in Appendix A.1.
Theorem 1 (2-item tests). Let (M,d,”, ε) be a separable metric probability space. If, for every
p ↑ M , bp is absolutely continuous on every closed sub-interval of [0,≃), then, for the noise-free
constant similarity function g = gω;0 it holds that

pS(ω) =
1

2
+ ↗b(ω)↘ ↔ ↗b(ω)↘2 ↔Var(b(ω)), (3)

pI(ω) = 1↔ 1

2
↗b(ω)↘. (4)

Proof. The proofs can be found in Appendix A.2.

These results have implications for neural architecture design and quantify how much identification
performance must be sacrificed to gain generalization ability. These results, being independent of
model choices, provide multiple insights on how pS , pI depend on the resolution ω and on their
relation.

2Note on terminology: “resolution" (ω) in this paper strictly refers to the parameter controlling the distance
threshold beyond which similarities collapse to noise level !. Higher ω values mean the model preserves
similarity information across greater distances.

4

First, note that the variance of the ball volume appears in Equation (3) as a term responsible for
decreasing the probability of success in the similarity test. This happens when the probability distri-
bution is non-uniform or the space is heterogeneous, as for a manifold with boundary). Spaces which
are homogeneous (in Haar measure) with uniform probability distributions will have Var(b(ω)) = 0,
hence performing similarity tests on them will be easier. Therefore, models will perform better on
uniform data manifolds (such as rotations), than on manifolds with varying density (such as natural
images).

The specific values of pI(ω) and pS(ω) can vary depending on the space chosen. However, assuming
Var(b(ω)) = 0, they are both parametrized by →b(ω)↑, which is always a non-decreasing function of
ω from 0 to 1. This means that, in the (pS , pI) plane, there is a “universal” Pareto curve relating
identification to generalization accuracy that is independent of M and ε (Figure 2a). Indeed, as
we will show in Section 4, the distance of empirical performances from the Pareto front directly
quantifies the additional ‘difficulty’ introduced by the heterogeneity of the stimuli space (Figure 2b).

Figure 2: a. The region in (pS , pI)
plane where the model’s performances
lie (Theorem 1). The black line is pa-
rameterized by the resolution ω and rep-
resents the behaviour of the model in
homogeneous spaces. b. Effect of het-
erogeneity Var(b(ω)) on the similarity
test performance.

This curve exhibits three regimes as a function of the ball’s
resolution ω.

Low ω regime. For small resolutions, the similarity func-
tions act like Dirac deltas, meaning that representations do
not interfere with one another and thus are perfectly distin-
guishable (pI ↓ 1). However, small resolutions mean that
the model is able to recognize two objects as similar only
if they are very close, limiting generalization (pS ↓ 0.5,
chance level).

Medium ω regime. Increasing ω elicits the similarity-
identification tradeoff: As ω increases, the similarity mea-
sure for more distant stimuli becomes more robust, and
thus the structure of the space can be more accurately rep-
resented. However, this comes at the cost of nearby stimuli
becoming more similar, thereby producing interference
that decreases pI . Importantly, pS reaches a maximum at
→b(ω)↑ = 1

2 , i.e. when the average ball covers half of the
space.

High ω regime. Once ϑ increases beyond →b(ω)↑ > 1
2 , the

cases in which stimuli interfere d(x1, p) ↔ ω, d(x2, p) ↔ ω
outweigh the ones in which the probe is too far away
d(x1, p) > ω, d(x2, p) > ω, resulting in a decrease in both
pS and pI .
The effect of noise. The result of Theorem 1 can be read-
ily extended to take into account the presence of nonzero
noise outside the resolution region.
Theorem 2 (Noise). Under the same assumptions of The-
orem 1, for the two-item similarity and identification tests
with constant similarity functions g = gω;! with noise
level ! ↗ 0 it holds that

pS(ω,!) =
1

2
+

1↘!

1 +!
(→b(ω)↑ ↘ →b(ω)2↑), (5)

pI(ω,!) =
2↘ (1↘!)→b(ω)↑

2 + 2!
. (6)

Proof. The proof can be found in Appendix A.3.

The effect of noise can be appreciated in Figure 2a as a
monotonous decrease in both pS and pI .

Processing of multiple stimuli. The foregoing analyses may provide a formal account of why
humans and large neural networks alike exhibit dramatic processing constraints in simple tasks (e.g.
visual working memory tasks and numerosity judgments), that demand simultaneous processing of
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Abstract

Intelligent systems must deploy internal representations that are simultaneously
structured—to support broad generalization—and selective—to preserve input
identity. We expose a fundamental limit on this tradeoff. For any model whose
representational similarity between inputs decays with finite semantic resolution
ω, we derive closed-form expressions that pin its probability of correct general-
ization pS and identification pI to a universal Pareto front independent of input
space geometry. Extending the analysis to noisy, heterogeneous spaces and to
n > 2 inputs predicts a sharp 1/n collapse of multi-input processing capacity and
a non-monotonic optimum for pS . A minimal ReLU network trained end-to-end
reproduces these laws: during learning a resolution boundary self-organizes and
empirical (pS , pI) trajectories closely follow theoretical curves for linearly decay-
ing similarity. Finally, we demonstrate that the same limits persist in two markedly
more complex settings—a convolutional neural network and state-of-the-art vi-
sion–language models—confirming that finite-resolution similarity is a fundamen-
tal emergent informational constraint, not merely a toy-model artifact. Together,
these results provide an exact theory of the generalization-identification trade-off
and clarify how semantic resolution shapes the representational capacity of deep
networks and brains alike.

1 Introduction

Background. Modern neural networks have revolutionized the way we perform everyday tasks.
However, they exhibit inherent tradeoffs between information processing and generalization observed
in cognitive systems [1]. These networks utilize distributed representations that enable efficient
generalization in unseen situations [2–4], but suffer from the binding problem —the inability to
maintain associations between features when processing multiple inputs simultaneously [5–7].

To understand how internal representations help to generalize, we build on Shepard’s Universal
Law of Generalization [8, 9], which frames generalization as minimizing distances in psychological
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Generalization vs Processing

The effect of resolution. 2 To show this, we formally consider how a limit in precision with
which the model can compute a similarity function impacts both identification and generalization
accuracy. Such a limit might arise from any number of factors: computational noise, finite precision,
ReLU activations clamping negative correlations to zero (see Section 4), or imprecisely coded distant
relationships. These can all be formalized as a resolution ω > 0 such that g(x, y) → ! if d(x, y) > ω,
where ! is a noise parameter. As shown in Figure 1a, the resolution drastically affects decision
boundaries (the black line): for probes sufficiently far from both stimuli, the decision function
approaches 1/2 indicating maximal uncertain. Resolution thus represents the model’s inherent
limitation in gauging low similarities between distant stimuli.

Generalization-Identification Tradeoff (Miller’s Law). To analyze this, we use a simplified
similarity function. If A is the indicator function over the set A, and Br(x) is the closed ball
of center x and radius r over M , Br(x) = {y ↑ M : d(x, y) ↓ r}, the similarity function can be
defined as follows:
Definition 1. The constant similarity function with resolution ω and noise ! is gω;!(x, y) =
Bω(x)(y) +! M\Bω(x)(y).

According to this function, the model will judge two things to be similar (gω;!(x, y) = 1) if and only
if they are closer than a certain threshold ω > 0. Outside of this “resolution region” the similarity
value is fixed to a noise value ! > 0.

This simplified model aligns with Shepard’s Universal Law of Generalization [9], where similarity
decays exponentially with distance: g(x, y) = exp(↔µd(x, y)). In Shepard’s formulations, the
parameter µ controls the sensitivity to distance, with larger µ creating sharper similarity boundaries.
This is conceptually similar to controlling the temperature parameter in a softmax function, in which
lower temperatures induce sharper probability distributions, while higher temperatures make them
more uniform. In our framework, ω serves an analogous role, controlling the distance of the similarity
functions or the spatial range of entanglement (or semanticity) of the representations.

Below, we use this to quantify the generalization-identification tradeoff as a function of ω.

3 Theoretical results

We use the constant similarity function defined above to derive closed form solutions for the values
of pS and pI over a broad class of stimulus spaces and probability distributions over them.

Accordingly, we denote bp(ω) as the probability measure of the closed ball of radius ω centered in p,
bp(ω) := ε(Bω(p)). Furthermore, let ↗b(ω)↘ = Ep→ε [bp(ω)] be the average measure of a ball of radius
ω in M , and Var(b(ω)) its variance. The variance term Var(b(ω)) captures how the probability mass of
ω-balls varies across space. Intuitively, this measures the heterogeneity of the stimulus space–that is,
how differently ‘crowded’ regions are, which, in turn, compromises similarity judgments. Additional
assumptions and notations are described in Appendix A.1.
Theorem 1 (2-item tests). Let (M,d,”, ε) be a separable metric probability space. If, for every
p ↑ M , bp is absolutely continuous on every closed sub-interval of [0,≃), then, for the noise-free
constant similarity function g = gω;0 it holds that

pS(ω) =
1

2
+ ↗b(ω)↘ ↔ ↗b(ω)↘2 ↔Var(b(ω)), (3)

pI(ω) = 1↔ 1

2
↗b(ω)↘. (4)

Proof. The proofs can be found in Appendix A.2.

These results have implications for neural architecture design and quantify how much identification
performance must be sacrificed to gain generalization ability. These results, being independent of
model choices, provide multiple insights on how pS , pI depend on the resolution ω and on their
relation.

2Note on terminology: “resolution" (ω) in this paper strictly refers to the parameter controlling the distance
threshold beyond which similarities collapse to noise level !. Higher ω values mean the model preserves
similarity information across greater distances.

4

First, note that the variance of the ball volume appears in Equation (3) as a term responsible for
decreasing the probability of success in the similarity test. This happens when the probability distri-
bution is non-uniform or the space is heterogeneous, as for a manifold with boundary). Spaces which
are homogeneous (in Haar measure) with uniform probability distributions will have Var(b(ω)) = 0,
hence performing similarity tests on them will be easier. Therefore, models will perform better on
uniform data manifolds (such as rotations), than on manifolds with varying density (such as natural
images).

The specific values of pI(ω) and pS(ω) can vary depending on the space chosen. However, assuming
Var(b(ω)) = 0, they are both parametrized by →b(ω)↑, which is always a non-decreasing function of
ω from 0 to 1. This means that, in the (pS , pI) plane, there is a “universal” Pareto curve relating
identification to generalization accuracy that is independent of M and ε (Figure 2a). Indeed, as
we will show in Section 4, the distance of empirical performances from the Pareto front directly
quantifies the additional ‘difficulty’ introduced by the heterogeneity of the stimuli space (Figure 2b).

Figure 2: a. The region in (pS , pI)
plane where the model’s performances
lie (Theorem 1). The black line is pa-
rameterized by the resolution ω and rep-
resents the behaviour of the model in
homogeneous spaces. b. Effect of het-
erogeneity Var(b(ω)) on the similarity
test performance.

This curve exhibits three regimes as a function of the ball’s
resolution ω.

Low ω regime. For small resolutions, the similarity func-
tions act like Dirac deltas, meaning that representations do
not interfere with one another and thus are perfectly distin-
guishable (pI ↓ 1). However, small resolutions mean that
the model is able to recognize two objects as similar only
if they are very close, limiting generalization (pS ↓ 0.5,
chance level).

Medium ω regime. Increasing ω elicits the similarity-
identification tradeoff: As ω increases, the similarity mea-
sure for more distant stimuli becomes more robust, and
thus the structure of the space can be more accurately rep-
resented. However, this comes at the cost of nearby stimuli
becoming more similar, thereby producing interference
that decreases pI . Importantly, pS reaches a maximum at
→b(ω)↑ = 1

2 , i.e. when the average ball covers half of the
space.

High ω regime. Once ϑ increases beyond →b(ω)↑ > 1
2 , the

cases in which stimuli interfere d(x1, p) ↔ ω, d(x2, p) ↔ ω
outweigh the ones in which the probe is too far away
d(x1, p) > ω, d(x2, p) > ω, resulting in a decrease in both
pS and pI .
The effect of noise. The result of Theorem 1 can be read-
ily extended to take into account the presence of nonzero
noise outside the resolution region.
Theorem 2 (Noise). Under the same assumptions of The-
orem 1, for the two-item similarity and identification tests
with constant similarity functions g = gω;! with noise
level ! ↗ 0 it holds that

pS(ω,!) =
1

2
+

1↘!

1 +!
(→b(ω)↑ ↘ →b(ω)2↑), (5)

pI(ω,!) =
2↘ (1↘!)→b(ω)↑

2 + 2!
. (6)

Proof. The proof can be found in Appendix A.3.

The effect of noise can be appreciated in Figure 2a as a
monotonous decrease in both pS and pI .

Processing of multiple stimuli. The foregoing analyses may provide a formal account of why
humans and large neural networks alike exhibit dramatic processing constraints in simple tasks (e.g.
visual working memory tasks and numerosity judgments), that demand simultaneous processing of
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not interfere with one another and thus are perfectly distin-
guishable (pI ↓ 1). However, small resolutions mean that
the model is able to recognize two objects as similar only
if they are very close, limiting generalization (pS ↓ 0.5,
chance level).
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resented. However, this comes at the cost of nearby stimuli
becoming more similar, thereby producing interference
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space.

High ω regime. Once ϑ increases beyond →b(ω)↑ > 1
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cases in which stimuli interfere d(x1, p) ↔ ω, d(x2, p) ↔ ω
outweigh the ones in which the probe is too far away
d(x1, p) > ω, d(x2, p) > ω, resulting in a decrease in both
pS and pI .
The effect of noise. The result of Theorem 1 can be read-
ily extended to take into account the presence of nonzero
noise outside the resolution region.
Theorem 2 (Noise). Under the same assumptions of The-
orem 1, for the two-item similarity and identification tests
with constant similarity functions g = gω;! with noise
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Abstract

Intelligent systems must deploy internal representations that are simultaneously
structured—to support broad generalization—and selective—to preserve input
identity. We expose a fundamental limit on this tradeoff. For any model whose
representational similarity between inputs decays with finite semantic resolution
ω, we derive closed-form expressions that pin its probability of correct general-
ization pS and identification pI to a universal Pareto front independent of input
space geometry. Extending the analysis to noisy, heterogeneous spaces and to
n > 2 inputs predicts a sharp 1/n collapse of multi-input processing capacity and
a non-monotonic optimum for pS . A minimal ReLU network trained end-to-end
reproduces these laws: during learning a resolution boundary self-organizes and
empirical (pS , pI) trajectories closely follow theoretical curves for linearly decay-
ing similarity. Finally, we demonstrate that the same limits persist in two markedly
more complex settings—a convolutional neural network and state-of-the-art vi-
sion–language models—confirming that finite-resolution similarity is a fundamen-
tal emergent informational constraint, not merely a toy-model artifact. Together,
these results provide an exact theory of the generalization-identification trade-off
and clarify how semantic resolution shapes the representational capacity of deep
networks and brains alike.

1 Introduction

Background. Modern neural networks have revolutionized the way we perform everyday tasks.
However, they exhibit inherent tradeoffs between information processing and generalization observed
in cognitive systems [1]. These networks utilize distributed representations that enable efficient
generalization in unseen situations [2–4], but suffer from the binding problem —the inability to
maintain associations between features when processing multiple inputs simultaneously [5–7].

To understand how internal representations help to generalize, we build on Shepard’s Universal
Law of Generalization [8, 9], which frames generalization as minimizing distances in psychological
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Multi-item identification decays!

Generalization vs ProcessingFigure 3: a. Similarity-identification curves for different values of n and parameterized by bp(ω) →
[0, 1], as described by Equations (7) and (8). b. The colored curves correspond to similarity-
identification values as the number of inputs n varies, for some fixed values of bp(ω). c. Similarity
(top) and identification (bottom) dependence on n for different resolutions.

multiple stimuli [1]. On the one hand, these tasks typically demand generalization (e.g., the processing
of stimuli that involve arbitrary combinations of features, such as color, shape and position). On
the other hand, performance is typically evaluated based on identification accuracy by identifying
individual stimuli. The results above thus suggest that these competing demands run up against the
fundamental tension between identification and generalization accuracy, irrespectively of scale or
architecture (i.e., even in systems with billions of parameters, such as VLMs or the human brain).
When such systems intrinsically value and/or are trained explicitly for generalization, then they will
position themselves into the low-medium resolution/semanticity regime ( Figure 2a). Indeed, we
can show this is the case by explicitly deriving probabilities of success for n-item similarity and
identification tasks.
Theorem 3 (n-item tests). Under the same assumptions of Theorem 1, for the constant noise-free
(! = 0) similarity function g = gω;0 we have that

pnS(ω) = Ep→ε

[
1

n
+

n↑1∑

k=1

(1↑ bp(ω))n↑k ↑ (1↑ bp(ω))n

k

]
, (7)

pnI (ω) = Ep→ε

[
1↑ (1↑ bp(ω))n

nbp(ω)

]
. (8)

Proof. The proof can be found in Appendix A.4.

First, note that, despite their apparently complicated formulations, Equations (7) and (8) are poly-
nomials in bp(ω) for any fixed n and, given their non-linearity, the expected value over the probes
cannot be simplified in general. Thus, for simplicity, we focus on the homogeneous case where
bp(ω) = b(ω) ↓p → M and E disappears.

Under this assumption, both similarity and identification performances are once again parameterized
by b(ω), yielding universal pareto curves independent of M . Figure 3a shows the shape of the
Pareto front for different values of n. As a sanity check, note that, as the resolution goes to b(ω) = 0,
performance approaches perfect identification for any number of simultaneous inputs with no capacity
to generalize pnS(0) = 1/n (chance level).

As shown in Figure 3(b,c), the mapping of one curve into the next is not “uniform”. For any fixed
ω > 0, increasing the number of inputs quickly degrades both identification and generalization
performances. Furthermore, Equation (8) shows that for large n, pnI (ω) ↔ (b(ω)n)↑1: identification
performance decrease as 1/n with a rate given by b(ω). For a model tasked with learning structured
representations of the input space, and thus optimizing for generalization (say, b(ω) ↔ 1/2 for n = 2),
our analyses predict that the capacity to accurately process multiple representations at the same time
will be strongly constrained (Figure 3c).
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Abstract

Intelligent systems must deploy internal representations that are simultaneously
structured—to support broad generalization—and selective—to preserve input
identity. We expose a fundamental limit on this tradeoff. For any model whose
representational similarity between inputs decays with finite semantic resolution
ω, we derive closed-form expressions that pin its probability of correct general-
ization pS and identification pI to a universal Pareto front independent of input
space geometry. Extending the analysis to noisy, heterogeneous spaces and to
n > 2 inputs predicts a sharp 1/n collapse of multi-input processing capacity and
a non-monotonic optimum for pS . A minimal ReLU network trained end-to-end
reproduces these laws: during learning a resolution boundary self-organizes and
empirical (pS , pI) trajectories closely follow theoretical curves for linearly decay-
ing similarity. Finally, we demonstrate that the same limits persist in two markedly
more complex settings—a convolutional neural network and state-of-the-art vi-
sion–language models—confirming that finite-resolution similarity is a fundamen-
tal emergent informational constraint, not merely a toy-model artifact. Together,
these results provide an exact theory of the generalization-identification trade-off
and clarify how semantic resolution shapes the representational capacity of deep
networks and brains alike.

1 Introduction

Background. Modern neural networks have revolutionized the way we perform everyday tasks.
However, they exhibit inherent tradeoffs between information processing and generalization observed
in cognitive systems [1]. These networks utilize distributed representations that enable efficient
generalization in unseen situations [2–4], but suffer from the binding problem —the inability to
maintain associations between features when processing multiple inputs simultaneously [5–7].

To understand how internal representations help to generalize, we build on Shepard’s Universal
Law of Generalization [8, 9], which frames generalization as minimizing distances in psychological
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Generalization vs Processing

Interestingly, the bottom panel of Figure 3c shows that the probability of success in the similarity test
is non-monotonic in n when b(ω) is small. Thus, when the model has to deal with a high number
of items, it is convenient for it to pick low resolutions. The cost, however, is paid by the significant
increase in error for low numbers of items.

These observations provide an elegant explanation for why even large neural network models struggle
with multi-object reasoning [1]: they likely have developed representations that support generalization,
but this brings a 1/n decrease in identification probability as the number n of objects increase, thus
generating the striking capacity limits observed in both humans and large vision-language models. In
the next section, we provide empirical evidence that neural networks obey these constraints, first in a
simple con model, and then in multiple large scale networks.

4 Toy neural network implementation

Figure 4: Emergent resolution and tradeoff in
toy architecture. (pS , pI ) results for the toy model
(a) of Section 4 with 50 inputs. b. The orange
curve shows the average training trajectory for a
purely reconstruction loss. The orange insets show
the learned (average) similarity function at two
epochs. The gray and dashed lines show the curves
of Theorem 1 with noise levels ! = 0, 0.1, respec-
tively. The red curve shows the average training
trajectory when the loss is based on the similarity
test on a circle while the purple one is trained on
stimuli coming from a segment. The black line
shows the theoretical performances obtained with
linearly decaying similarity functions, as in Propo-
sition 1.

We start from the toy architecture of Elhage et al. [27], that permits a direct comparison with the
analyses above. The input vector x → Rl

+, whose entries we identify with features, is linearly
encoded by W → Rm→l, decoded by W↑, and then the ReLU activation function ε is applied
elementwise f(x) = ε(W↑Wx) (Figure 4a). When trained with reconstruction MSE loss and sparse
inputs, this model displays the phenomenon known as superposition: features associated with input
dimensions are represented as orthogonally (or dissimilarly) as possible to minimize their interference
in reconstruction [27]. This, in turn, means striving for good identification performance and thus the
capability of processing a large number of features simultaneously.

We contrast this with the effect of inducing the model to learn representations with simple forms of
metric (semantic) structure. To do so, we consider two spaces of stimuli made of l points {x1, . . . , xl}
equally spaced in the interval [0, 1]: a (flat) circle, with distance d(x, y) = min(|x↑y|, 1↑|x↑y|), and
a segment, with distance d(x, y) = |x↑ y|. The model was trained to perform 3-items similarity tests
(as explained in Section 2) on the metric space by encoding its points, the stimuli, as l-dimensional
one-hot vectors. Given this last assumption, the i-th column of W , wi, can be interpreted as the
latent embedding of xi, and the model’s output f(xi)j = ε(w↑

j wi) := g(xi, xj) as the non-negative
similarity between xi and xj . The model was trained to convergence 10 times and, for each epoch,
and we recorded the average similarity and identification ratios pS , pI of Equations (1) and (2) using
the learned g.

Figure 4b shows the resulting training trajectories for three different runs in the similarity-
identification plane: the orange run corresponds to trainings with pure reconstruction loss, in red the
run with pure similarity task loss on the circle and in purple on the segment. In all cases, we used
l = 50 stimuli, a hidden dimension of m = 10 and repeated the experiment 10 times. Additional
details of the experiment and results can be found in Appendix A.6.

As expected, when the network is trained only on reconstruction loss, there is no improvement in
pS but a steady increase in pI . Features are arranged as orthogonally as possible but, due to the low
number of hidden dimensions, some interference between them remains. If features are arranged on a

7

A.5 Proof of Proposition 1

We want to compute pS and pI for the uniform measure on the flat circle M = [0, 1] with d(x, y) =
min(|x → y|, 1 → |x → y|) for the linearly decaying similarity function with resolution ω, g(r) =
ε
(
1→ r

ω

)
, where ε(x) = max(x, 0).

First, note that for the uniform measure, we have that

bx(ω) = ϑ(Bω(x)) =

{
2ω if ω ↑ 1

2

1 if ω > 1
2

= b(ω),

i.e. the length of the interval [→ω, ω] on the circle. Accordingly, we have that the measure Sx is such
that

Sx(E) = S(E)

∫

E
b→(r)dµ(r) = 2µ(E),

if E ↓ [0, 1
2 ].

Similarity test We start from Equation (18) and, once again, consider the different cases. If
r1, r2 > ω, there is no difference from the constant case: the probe has similarity 0 with both x1

and x2, therefore the model is maximally uncertain. This term will contribute (1 → b(ω))2/2 to
P(Y = X).

If r1 ↑ ω and r2 > ω, there is no difference from the constant case as the probe is similar to x1 with
no interference from x2. We get a contribution of 2b(ω)(1→ b(ω)).

If r1 ↑ ω, r2 ↑ ω, we need to compute

2

∫

[0,ω]
dS(r1)

∫

(r1,ω]
dS(r2)

g(r1)

g(r1) + g(r2)
= 8

∫

[0,ω]

∫

(r1,ω]

1→ r1/ω

1→ r1/ω+ 1→ r2/ω
dµ(r1)dµ(r2)

(75)

= 8

∫

[0,ω]
(ω→ r1) log(2)dµ(r2) = 8 · 1

2
ω2 log(2) = (2ω)2 log(2) = log(2)b(ω)2. (76)

Putting together the three contributions, we get

P(Y = X) =
1

2
→b(ω)+

1

2
b(ω)2+2b(ω)→2b(ω)2+log(2)b(ω)2 =

1

2
+b(ω)→ (3/2→ log(2))b(ω)2.

Identification test We start from Equation (31) and consider two cases. If r > ω, then x2 does not
interfere with the probe and thus the model will choose x1 with probability 1. Just like the constant
case, we get a contribution of 1→ b(ω).

If r ↑ ω, we need to compute
∫

(0,ω]

1

1 + g(r)
dS(r) =

∫

(0,ω]
2

1

1 + 1→ r/ω
dµ(r) = 2 log(2)ω = log(2)b(ω). (77)

In total, we get

P(Y = X) = 1→ b(ω) + log(2)b(ω) = 1→ (1→ log(2))b(ω).

A.6 Details on numerical experiments

All the code used to produce the results can be found in https://github.com/nplresearch/
generalization.

A.6.1 Toy model

The architecture of the toy model we used is the following linear bias-less autoencoder with a
nonlinearity at the end

f(x) = ε(W↑Wx),

where ε is the ReLU activation function ε(x) = max(x, 0) and W ↔ Rm↓l.

20

In both the pure-reconstruction and semantic experiments, the inputs were chosen to be l = 50
one-hot vectors x = ei →i = 1, . . . ,m. The hidden space dimension was chosen to be m = 10.

The pure reconstruction experiment is performed by minimizing the MSE loss between input one-hot
and its reconstruction through the network

Lrec =
l∑

i=1

∥∥ei ↑ ω(W→Wei)
∥∥2 =

l∑

i=1

∥∥ei ↑ ω(W→wi)
∥∥2.

In the semantic case, the loss is built in the following way. Three different indices i, j, k are picked
randomly and their associated one-hots are built ei, ej , ek. Then, we compute the ratio of similarities

Di =
ω(w→

i wk)

ω(w→
i wk) + ω(w→

j wk)
, Dj =

ω(w→
j wk)

ω(w→
i wk) + ω(w→

j wk)
.

The index î ↓ {i, j} of the correct answer is computed by taking the minimum between d(xi, xk)
and d(xj , xk), where the distance function is given as a training input in the form of a distance
matrix. The loss, finally, is computed by taking the Negative Log Likelihood Loss (NLL) between
the distribution (Di, Dj) and the one hot vector encoding the correct response.

Lsim = ↑1

2
Dî.

For all experiments, each epoch is made of 2000 samples, with batch size 128. The models are trained
for 500 epochs with the Adam optimizer, with learning rate 0.0007 and 0 weight decay.

Given that random vectors in high-dimensional space tend to be close to orthogonal, biasing the
model towards high pI , we initialize the weight matrix with i.i.d. uniform in the interval [0, 2].

At each epoch, the model is evaluated by performing similarity and identification tests. 1,000 triplets
(i, j, k) (k ↓ {i, j} for the identification) are extracted, and the average Dî is recorded to obtain the
values of pS and pI shown in Figure 4. The average similarity functions shown in the figure’s insets
are obtained as gi(j) = ω(w→

i wj) for every j ↓ 1, . . . , l. Leveraging the symmetry of the circular
structure, each vector gi is circularly shifted so that the index i goes to the center of the circle gi ↔↗ g̃i.
Finally, we take the average over i, g̃ = 1

l

∑l
i=1 g̃i.

We show the distance matrices for the circle and line experiments, together with the full learned
similarity matrices for a single run in Figure 6.

In Figure 7, moreover, we see the results of the three different trainings for three values of the neural
network’s latent dimension. As it increases, we see how the model is able to have less interference
between representations, signified by pI being able to reach higher values. Visualizing the average
learned similarity functions and estimating the noise value, we are able in all cases to predict the
maximum pI using Theorem 2.

A.6.2 Convolutional Neural Network fine-tuned on evolutionary distances among bird species

Experimental setup. To test our theoretical predictions in a realistic computer vision setting, we
fine-tuned a ResNet-50 model [4] pre-trained on ImageNet. We used the Caltech-UCSD Birds-200-
2011 dataset [5], which contains 11,788 images of 200 bird species, paired with evolutionary distance
data from the TimeTree database [6]. The experimental design involved two tasks with a consistent
triplet-based evaluation format:

• Identification task: Given images of two reference species (x1, x2) and a probe image,
determine which reference species the probe belongs to.

• Similarity task: Given images of two reference species (x1, x2) and a probe species (p),
determine which reference species is evolutionarily closer to the probe.

Using a contrastive loss that encouraged embedding bird images closer to their evolutionary relatives,
we fine-tuned the model using a composite loss:

L = (1↑ ε)Lid + εLsim,
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values of pS and pI shown in Figure 4. The average similarity functions shown in the figure’s insets
are obtained as gi(j) = ω(w→

i wj) for every j ↓ 1, . . . , l. Leveraging the symmetry of the circular
structure, each vector gi is circularly shifted so that the index i goes to the center of the circle gi ↔↗ g̃i.
Finally, we take the average over i, g̃ = 1

l

∑l
i=1 g̃i.

We show the distance matrices for the circle and line experiments, together with the full learned
similarity matrices for a single run in Figure 6.

In Figure 7, moreover, we see the results of the three different trainings for three values of the neural
network’s latent dimension. As it increases, we see how the model is able to have less interference
between representations, signified by pI being able to reach higher values. Visualizing the average
learned similarity functions and estimating the noise value, we are able in all cases to predict the
maximum pI using Theorem 2.

A.6.2 Convolutional Neural Network fine-tuned on evolutionary distances among bird species

Experimental setup. To test our theoretical predictions in a realistic computer vision setting, we
fine-tuned a ResNet-50 model [4] pre-trained on ImageNet. We used the Caltech-UCSD Birds-200-
2011 dataset [5], which contains 11,788 images of 200 bird species, paired with evolutionary distance
data from the TimeTree database [6]. The experimental design involved two tasks with a consistent
triplet-based evaluation format:

• Identification task: Given images of two reference species (x1, x2) and a probe image,
determine which reference species the probe belongs to.

• Similarity task: Given images of two reference species (x1, x2) and a probe species (p),
determine which reference species is evolutionarily closer to the probe.

Using a contrastive loss that encouraged embedding bird images closer to their evolutionary relatives,
we fine-tuned the model using a composite loss:

L = (1↑ ε)Lid + εLsim,

21

Bound by semanticity: universal laws governing the
generalization-identification tradeoff

Marco Nurisso1,2, Jesseba Fernando3,4, Raj Deshpande5, Alan Perotti2,
Raja Marjieh6, Steven M. Frankland7, Richard L. Lewis8, Taylor W. Webb9,

Declan Campbell10, Francesco Vaccarino1, Jonathan D. Cohen6,10, Giovanni Petri2,5,11

1Dipartimento di Scienze Matematiche, Politecnico di Torino
2CENTAI Institute

3Network Science Institute, Northeastern University
4Institute for Experiential AI, Northeastern University

5NP Lab, Network Science Institute, Northeastern University London
6Department of Psychology, Princeton University

7Program in Cognitive Science, Dartmouth College
8Department of Psychology, University of Michigan

9Microsoft Research
10Princeton Neuroscience Institute

11 Department of Physics, Northeastern University

Abstract

Intelligent systems must deploy internal representations that are simultaneously
structured—to support broad generalization—and selective—to preserve input
identity. We expose a fundamental limit on this tradeoff. For any model whose
representational similarity between inputs decays with finite semantic resolution
ω, we derive closed-form expressions that pin its probability of correct general-
ization pS and identification pI to a universal Pareto front independent of input
space geometry. Extending the analysis to noisy, heterogeneous spaces and to
n > 2 inputs predicts a sharp 1/n collapse of multi-input processing capacity and
a non-monotonic optimum for pS . A minimal ReLU network trained end-to-end
reproduces these laws: during learning a resolution boundary self-organizes and
empirical (pS , pI) trajectories closely follow theoretical curves for linearly decay-
ing similarity. Finally, we demonstrate that the same limits persist in two markedly
more complex settings—a convolutional neural network and state-of-the-art vi-
sion–language models—confirming that finite-resolution similarity is a fundamen-
tal emergent informational constraint, not merely a toy-model artifact. Together,
these results provide an exact theory of the generalization-identification trade-off
and clarify how semantic resolution shapes the representational capacity of deep
networks and brains alike.

1 Introduction

Background. Modern neural networks have revolutionized the way we perform everyday tasks.
However, they exhibit inherent tradeoffs between information processing and generalization observed
in cognitive systems [1]. These networks utilize distributed representations that enable efficient
generalization in unseen situations [2–4], but suffer from the binding problem —the inability to
maintain associations between features when processing multiple inputs simultaneously [5–7].

To understand how internal representations help to generalize, we build on Shepard’s Universal
Law of Generalization [8, 9], which frames generalization as minimizing distances in psychological
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Interestingly, the bottom panel of Figure 3c shows that the probability of success in the similarity test
is non-monotonic in n when b(ω) is small. Thus, when the model has to deal with a high number
of items, it is convenient for it to pick low resolutions. The cost, however, is paid by the significant
increase in error for low numbers of items.

These observations provide an elegant explanation for why even large neural network models struggle
with multi-object reasoning [1]: they likely have developed representations that support generalization,
but this brings a 1/n decrease in identification probability as the number n of objects increase, thus
generating the striking capacity limits observed in both humans and large vision-language models. In
the next section, we provide empirical evidence that neural networks obey these constraints, first in a
simple con model, and then in multiple large scale networks.

4 Toy neural network implementation

Figure 4: Emergent resolution and tradeoff in
toy architecture. (pS , pI ) results for the toy model
(a) of Section 4 with 50 inputs. b. The orange
curve shows the average training trajectory for a
purely reconstruction loss. The orange insets show
the learned (average) similarity function at two
epochs. The gray and dashed lines show the curves
of Theorem 1 with noise levels ! = 0, 0.1, respec-
tively. The red curve shows the average training
trajectory when the loss is based on the similarity
test on a circle while the purple one is trained on
stimuli coming from a segment. The black line
shows the theoretical performances obtained with
linearly decaying similarity functions, as in Propo-
sition 1.

We start from the toy architecture of Elhage et al. [27], that permits a direct comparison with the
analyses above. The input vector x → Rl

+, whose entries we identify with features, is linearly
encoded by W → Rm→l, decoded by W↑, and then the ReLU activation function ε is applied
elementwise f(x) = ε(W↑Wx) (Figure 4a). When trained with reconstruction MSE loss and sparse
inputs, this model displays the phenomenon known as superposition: features associated with input
dimensions are represented as orthogonally (or dissimilarly) as possible to minimize their interference
in reconstruction [27]. This, in turn, means striving for good identification performance and thus the
capability of processing a large number of features simultaneously.

We contrast this with the effect of inducing the model to learn representations with simple forms of
metric (semantic) structure. To do so, we consider two spaces of stimuli made of l points {x1, . . . , xl}
equally spaced in the interval [0, 1]: a (flat) circle, with distance d(x, y) = min(|x↑y|, 1↑|x↑y|), and
a segment, with distance d(x, y) = |x↑ y|. The model was trained to perform 3-items similarity tests
(as explained in Section 2) on the metric space by encoding its points, the stimuli, as l-dimensional
one-hot vectors. Given this last assumption, the i-th column of W , wi, can be interpreted as the
latent embedding of xi, and the model’s output f(xi)j = ε(w↑

j wi) := g(xi, xj) as the non-negative
similarity between xi and xj . The model was trained to convergence 10 times and, for each epoch,
and we recorded the average similarity and identification ratios pS , pI of Equations (1) and (2) using
the learned g.

Figure 4b shows the resulting training trajectories for three different runs in the similarity-
identification plane: the orange run corresponds to trainings with pure reconstruction loss, in red the
run with pure similarity task loss on the circle and in purple on the segment. In all cases, we used
l = 50 stimuli, a hidden dimension of m = 10 and repeated the experiment 10 times. Additional
details of the experiment and results can be found in Appendix A.6.

As expected, when the network is trained only on reconstruction loss, there is no improvement in
pS but a steady increase in pI . Features are arranged as orthogonally as possible but, due to the low
number of hidden dimensions, some interference between them remains. If features are arranged on a

7

A.5 Proof of Proposition 1

We want to compute pS and pI for the uniform measure on the flat circle M = [0, 1] with d(x, y) =
min(|x → y|, 1 → |x → y|) for the linearly decaying similarity function with resolution ω, g(r) =
ε
(
1→ r

ω

)
, where ε(x) = max(x, 0).

First, note that for the uniform measure, we have that

bx(ω) = ϑ(Bω(x)) =

{
2ω if ω ↑ 1

2

1 if ω > 1
2

= b(ω),

i.e. the length of the interval [→ω, ω] on the circle. Accordingly, we have that the measure Sx is such
that

Sx(E) = S(E)

∫

E
b→(r)dµ(r) = 2µ(E),

if E ↓ [0, 1
2 ].

Similarity test We start from Equation (18) and, once again, consider the different cases. If
r1, r2 > ω, there is no difference from the constant case: the probe has similarity 0 with both x1

and x2, therefore the model is maximally uncertain. This term will contribute (1 → b(ω))2/2 to
P(Y = X).

If r1 ↑ ω and r2 > ω, there is no difference from the constant case as the probe is similar to x1 with
no interference from x2. We get a contribution of 2b(ω)(1→ b(ω)).

If r1 ↑ ω, r2 ↑ ω, we need to compute

2

∫

[0,ω]
dS(r1)

∫

(r1,ω]
dS(r2)

g(r1)

g(r1) + g(r2)
= 8

∫

[0,ω]

∫

(r1,ω]

1→ r1/ω

1→ r1/ω+ 1→ r2/ω
dµ(r1)dµ(r2)

(75)

= 8

∫

[0,ω]
(ω→ r1) log(2)dµ(r2) = 8 · 1

2
ω2 log(2) = (2ω)2 log(2) = log(2)b(ω)2. (76)

Putting together the three contributions, we get

P(Y = X) =
1

2
→b(ω)+

1

2
b(ω)2+2b(ω)→2b(ω)2+log(2)b(ω)2 =

1

2
+b(ω)→ (3/2→ log(2))b(ω)2.

Identification test We start from Equation (31) and consider two cases. If r > ω, then x2 does not
interfere with the probe and thus the model will choose x1 with probability 1. Just like the constant
case, we get a contribution of 1→ b(ω).

If r ↑ ω, we need to compute
∫

(0,ω]

1

1 + g(r)
dS(r) =

∫

(0,ω]
2

1

1 + 1→ r/ω
dµ(r) = 2 log(2)ω = log(2)b(ω). (77)

In total, we get

P(Y = X) = 1→ b(ω) + log(2)b(ω) = 1→ (1→ log(2))b(ω).

A.6 Details on numerical experiments

All the code used to produce the results can be found in https://github.com/nplresearch/
generalization.

A.6.1 Toy model

The architecture of the toy model we used is the following linear bias-less autoencoder with a
nonlinearity at the end

f(x) = ε(W↑Wx),

where ε is the ReLU activation function ε(x) = max(x, 0) and W ↔ Rm↓l.
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In both the pure-reconstruction and semantic experiments, the inputs were chosen to be l = 50
one-hot vectors x = ei →i = 1, . . . ,m. The hidden space dimension was chosen to be m = 10.

The pure reconstruction experiment is performed by minimizing the MSE loss between input one-hot
and its reconstruction through the network

Lrec =
l∑

i=1

∥∥ei ↑ ω(W→Wei)
∥∥2 =

l∑

i=1

∥∥ei ↑ ω(W→wi)
∥∥2.

In the semantic case, the loss is built in the following way. Three different indices i, j, k are picked
randomly and their associated one-hots are built ei, ej , ek. Then, we compute the ratio of similarities

Di =
ω(w→

i wk)

ω(w→
i wk) + ω(w→

j wk)
, Dj =

ω(w→
j wk)

ω(w→
i wk) + ω(w→

j wk)
.

The index î ↓ {i, j} of the correct answer is computed by taking the minimum between d(xi, xk)
and d(xj , xk), where the distance function is given as a training input in the form of a distance
matrix. The loss, finally, is computed by taking the Negative Log Likelihood Loss (NLL) between
the distribution (Di, Dj) and the one hot vector encoding the correct response.

Lsim = ↑1

2
Dî.

For all experiments, each epoch is made of 2000 samples, with batch size 128. The models are trained
for 500 epochs with the Adam optimizer, with learning rate 0.0007 and 0 weight decay.

Given that random vectors in high-dimensional space tend to be close to orthogonal, biasing the
model towards high pI , we initialize the weight matrix with i.i.d. uniform in the interval [0, 2].

At each epoch, the model is evaluated by performing similarity and identification tests. 1,000 triplets
(i, j, k) (k ↓ {i, j} for the identification) are extracted, and the average Dî is recorded to obtain the
values of pS and pI shown in Figure 4. The average similarity functions shown in the figure’s insets
are obtained as gi(j) = ω(w→

i wj) for every j ↓ 1, . . . , l. Leveraging the symmetry of the circular
structure, each vector gi is circularly shifted so that the index i goes to the center of the circle gi ↔↗ g̃i.
Finally, we take the average over i, g̃ = 1

l

∑l
i=1 g̃i.

We show the distance matrices for the circle and line experiments, together with the full learned
similarity matrices for a single run in Figure 6.

In Figure 7, moreover, we see the results of the three different trainings for three values of the neural
network’s latent dimension. As it increases, we see how the model is able to have less interference
between representations, signified by pI being able to reach higher values. Visualizing the average
learned similarity functions and estimating the noise value, we are able in all cases to predict the
maximum pI using Theorem 2.

A.6.2 Convolutional Neural Network fine-tuned on evolutionary distances among bird species

Experimental setup. To test our theoretical predictions in a realistic computer vision setting, we
fine-tuned a ResNet-50 model [4] pre-trained on ImageNet. We used the Caltech-UCSD Birds-200-
2011 dataset [5], which contains 11,788 images of 200 bird species, paired with evolutionary distance
data from the TimeTree database [6]. The experimental design involved two tasks with a consistent
triplet-based evaluation format:

• Identification task: Given images of two reference species (x1, x2) and a probe image,
determine which reference species the probe belongs to.

• Similarity task: Given images of two reference species (x1, x2) and a probe species (p),
determine which reference species is evolutionarily closer to the probe.

Using a contrastive loss that encouraged embedding bird images closer to their evolutionary relatives,
we fine-tuned the model using a composite loss:

L = (1↑ ε)Lid + εLsim,
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The index î ↓ {i, j} of the correct answer is computed by taking the minimum between d(xi, xk)
and d(xj , xk), where the distance function is given as a training input in the form of a distance
matrix. The loss, finally, is computed by taking the Negative Log Likelihood Loss (NLL) between
the distribution (Di, Dj) and the one hot vector encoding the correct response.

Lsim = ↑1

2
Dî.
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Abstract

Intelligent systems must deploy internal representations that are simultaneously
structured—to support broad generalization—and selective—to preserve input
identity. We expose a fundamental limit on this tradeoff. For any model whose
representational similarity between inputs decays with finite semantic resolution
ω, we derive closed-form expressions that pin its probability of correct general-
ization pS and identification pI to a universal Pareto front independent of input
space geometry. Extending the analysis to noisy, heterogeneous spaces and to
n > 2 inputs predicts a sharp 1/n collapse of multi-input processing capacity and
a non-monotonic optimum for pS . A minimal ReLU network trained end-to-end
reproduces these laws: during learning a resolution boundary self-organizes and
empirical (pS , pI) trajectories closely follow theoretical curves for linearly decay-
ing similarity. Finally, we demonstrate that the same limits persist in two markedly
more complex settings—a convolutional neural network and state-of-the-art vi-
sion–language models—confirming that finite-resolution similarity is a fundamen-
tal emergent informational constraint, not merely a toy-model artifact. Together,
these results provide an exact theory of the generalization-identification trade-off
and clarify how semantic resolution shapes the representational capacity of deep
networks and brains alike.

1 Introduction

Background. Modern neural networks have revolutionized the way we perform everyday tasks.
However, they exhibit inherent tradeoffs between information processing and generalization observed
in cognitive systems [1]. These networks utilize distributed representations that enable efficient
generalization in unseen situations [2–4], but suffer from the binding problem —the inability to
maintain associations between features when processing multiple inputs simultaneously [5–7].

To understand how internal representations help to generalize, we build on Shepard’s Universal
Law of Generalization [8, 9], which frames generalization as minimizing distances in psychological
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Figure 6: Visualization of the distance matrix (left) and the learned similarity matrices through
training for the circle (top row) and the segment (bottom row).

Figure 7: Different training trajectories of the toy model with different latent dimensions, visualized
as in Figure 4.

where Lid is a cross-entropy loss for species identification, and Lsim aligns the embedding space
with evolutionary distances. The parameter ω controls the balance between identification and
generalization objectives. During evaluation, we defined similarity using a threshold ε on feature
distances, where distances below ε indicated similarity. This allowed us to systematically study the
generalization-identification tradeoff by varying both ω and ε.

Training details. We trained the model for 15 epochs using SGD with momentum 0.9, weight decay
1e→ 4, and an initial learning rate of 0.001, reduced by a factor of 0.1 when validation performance
plateaued. To handle GPU memory constraints, we used a batch size of 8 with gradient accumulation
over 4 steps (effective batch size 32). We tested ω values ranging from 0.0 to 1.0 with several random
seeds (42-46) to ensure robust results.

The birds dataset was split 64-16-20% for training, validation, and testing, with an additional 15% of
species held out completely as out-of-distribution test data. The evolutionary distance loss (Lsim) was
implemented by computing pairwise distances in feature space and aligning them with normalized
evolutionary distances derived from the phylogenetic tree. This explicitly encouraged the CNN to
map visual features into a space that preserved evolutionary relationships as shown in Figure 8.

Theoretical connections. Our experimental framework directly maps to the theoretical constructs
in Miller’s Law. The identification task measures pI (probability of correct identification), while the
similarity task measures pS (probability of correct similarity judgment). The threshold ϑ corresponds
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more complex settings—a convolutional neural network and state-of-the-art vi-
sion–language models—confirming that finite-resolution similarity is a fundamen-
tal emergent informational constraint, not merely a toy-model artifact. Together,
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and clarify how semantic resolution shapes the representational capacity of deep
networks and brains alike.

1 Introduction

Background. Modern neural networks have revolutionized the way we perform everyday tasks.
However, they exhibit inherent tradeoffs between information processing and generalization observed
in cognitive systems [1]. These networks utilize distributed representations that enable efficient
generalization in unseen situations [2–4], but suffer from the binding problem —the inability to
maintain associations between features when processing multiple inputs simultaneously [5–7].

To understand how internal representations help to generalize, we build on Shepard’s Universal
Law of Generalization [8, 9], which frames generalization as minimizing distances in psychological
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further from reference dates, similar to what we observed with exponentially decaying similarities
with noise g(x1, x2) = exp(→µd(x1, x2)) +! (bottom row).

Spatial similarity task in VLMs. Finally, we tested the effects of resolution in two Vision-Language
Models (VLMs) (gemma-3-12b-it [31, 34] and Qwen2.5-VL-7B-Instruct [33, 35]), on a visual
spatial similarity task. Four different black shapes were presented to the model in the four corners
of the image (Figure 5c), together with a red cross in a random position. The model was tasked
with indicating which black shape was closest to the red cross, and we recorded accuracy for each
sampled position. Figure 5c shows that, once again, the models display clear resolution limits in their
generalization capabilities, similar to those observed in the year task.

6 Discussion

We have provided a formal theory of the tradeoff between identification and generalization in systems
constrained by finite semantic resolution, building on the formal framework of Frankland et al. [23].
Our closed form expressions reveal a universal Pareto front determined by resolution scale and
stimulus geometry–a fundamental limit that is obeyed in empirical tests of model architectures both
small and large.

Our analysis identifies the optimal resolution for generalization, at which semantic similarity func-
tions tile approximately half of the representational space in discrimination tasks [36]. Beyond this
point, increasing resolution impairs identification as representations become too broadly generalized.
Below it, representations are discriminable, but fail to capture meaningful similarities, thus compro-
mising generalization. This offers an explanation for why both humans and state-of-the-art neural
network models struggle with multi-object reasoning, despite their vast computational resources and
remarkable capabilities in other domains.

The spontaneous emergence of this tradeoff across architectures–from minimal ReLU networks to
vision-language models–is consistent with our analyses and our empirical findings, that are unified
under the hypothesis that finite semantic resolution constitutes an information-theoretic constraint
rather than implementation artifact. This, in turn, provides a rigorous mathematical foundation for
understanding capacity limits in both artificial and biological systems.

Our theory also indicates how competing representational strategies of intelligent systems are tied
to one another: identification demands sharp, distinct representations, while generalization requires
coarse, overlapping ones. This tension is echoed in neuroscience literature on representational
efficiency (coding related items compactly) versus processing efficiency (handling multiple items
jointly) [37–39]. Our analyses also provide a formal explanation for empirical observations in neural
population coding [40, 41], where semantically clustered "neural thesaurus" structures emerge as

gemma-3-12b-it Qwen2.5-VL-7B-Instruct

Figure 5: Empirical resolution tradeoffs across realistic neural architectures. (a) a CNN fine-
tuned on bird recognition shows tradeoff between species identification and generalization to phylo-
genetic similarity as a function of the weights of generalization ω and of the resolution ε. (b) LLMs
tasked with comparing years of birth show different regimes of performances, compatible with the
existence of an emergent finite resolution (↑ 70–80 years). (c) VLMs tasked with spatial proximity
tasks show decreased accuracy beyond a model-specific resolution scale. Details in appendix A.6.
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Abstract

Intelligent systems must deploy internal representations that are simultaneously
structured—to support broad generalization—and selective—to preserve input
identity. We expose a fundamental limit on this tradeoff. For any model whose
representational similarity between inputs decays with finite semantic resolution
ω, we derive closed-form expressions that pin its probability of correct general-
ization pS and identification pI to a universal Pareto front independent of input
space geometry. Extending the analysis to noisy, heterogeneous spaces and to
n > 2 inputs predicts a sharp 1/n collapse of multi-input processing capacity and
a non-monotonic optimum for pS . A minimal ReLU network trained end-to-end
reproduces these laws: during learning a resolution boundary self-organizes and
empirical (pS , pI) trajectories closely follow theoretical curves for linearly decay-
ing similarity. Finally, we demonstrate that the same limits persist in two markedly
more complex settings—a convolutional neural network and state-of-the-art vi-
sion–language models—confirming that finite-resolution similarity is a fundamen-
tal emergent informational constraint, not merely a toy-model artifact. Together,
these results provide an exact theory of the generalization-identification trade-off
and clarify how semantic resolution shapes the representational capacity of deep
networks and brains alike.

1 Introduction

Background. Modern neural networks have revolutionized the way we perform everyday tasks.
However, they exhibit inherent tradeoffs between information processing and generalization observed
in cognitive systems [1]. These networks utilize distributed representations that enable efficient
generalization in unseen situations [2–4], but suffer from the binding problem —the inability to
maintain associations between features when processing multiple inputs simultaneously [5–7].

To understand how internal representations help to generalize, we build on Shepard’s Universal
Law of Generalization [8, 9], which frames generalization as minimizing distances in psychological
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identity. We expose a fundamental limit on this tradeoff. For any model whose
representational similarity between inputs decays with finite semantic resolution
ω, we derive closed-form expressions that pin its probability of correct general-
ization pS and identification pI to a universal Pareto front independent of input
space geometry. Extending the analysis to noisy, heterogeneous spaces and to
n > 2 inputs predicts a sharp 1/n collapse of multi-input processing capacity and
a non-monotonic optimum for pS . A minimal ReLU network trained end-to-end
reproduces these laws: during learning a resolution boundary self-organizes and
empirical (pS , pI) trajectories closely follow theoretical curves for linearly decay-
ing similarity. Finally, we demonstrate that the same limits persist in two markedly
more complex settings—a convolutional neural network and state-of-the-art vi-
sion–language models—confirming that finite-resolution similarity is a fundamen-
tal emergent informational constraint, not merely a toy-model artifact. Together,
these results provide an exact theory of the generalization-identification trade-off
and clarify how semantic resolution shapes the representational capacity of deep
networks and brains alike.

1 Introduction

Background. Modern neural networks have revolutionized the way we perform everyday tasks.
However, they exhibit inherent tradeoffs between information processing and generalization observed
in cognitive systems [1]. These networks utilize distributed representations that enable efficient
generalization in unseen situations [2–4], but suffer from the binding problem —the inability to
maintain associations between features when processing multiple inputs simultaneously [5–7].

To understand how internal representations help to generalize, we build on Shepard’s Universal
Law of Generalization [8, 9], which frames generalization as minimizing distances in psychological
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takes all years in [c→ 300, c+ 300]. Figure 5b shows the decision curves indicating the empirical
probability with which each model responded with the correct answer. This shows that the models’
year representations closely follow our assumptions about resolution: all models showed decreased
performance as probe dates moved further from reference dates, similar to what we observed with
exponentially decaying similarities with noise g(x1, x2) = exp(→µd(x1, x2)) +! (bottom row).

Spatial similarity task in VLMs. Finally, we tested the effects of resolution in two Vision-Language
Models (VLMs) (gemma-3-12b-it (Team et al., 2024; Team, 2025a) and Qwen2.5-VL-7B-Instruct
(Yang et al., 2024; Team, 2025b)), on a visual spatial similarity task. Four different black shapes
were presented to the model in the four corners of the image (Figure 5c), together with a red cross in
a random position. The model was tasked with indicating which black shape was closest to the red
cross, and we recorded accuracy for each sampled position. Figure 5c shows that, once again, the
models display clear resolution limits in their generalization capabilities, similar to those observed in
the year task.

6 DISCUSSION

We have provided a formal theory of the tradeoff between identification and generalization in systems
constrained by finite semantic resolution, building on the formal framework of Frankland et al.
(2021). Our closed form expressions reveal a universal Pareto front determined by resolution scale
and stimulus geometry, a fundamental limit that is obeyed in empirical tests of model architectures
both small and large. Our analysis identifies the optimal resolution for generalization, at which
semantic similarity functions tile approximately half of the representational space in discrimination
tasks (Sorscher et al., 2022). Beyond this point, increasing resolution impairs identification as
representations become too broadly generalized. Below it, representations are discriminable, but fail
to capture meaningful similarities, thus compromising generalization. This offers an explanation for
why both humans and state-of-the-art neural network models struggle with multi-object reasoning,
despite their vast computational resources and remarkable capabilities in other domains.

The spontaneous emergence of this tradeoff across architectures, from minimal ReLU networks to
vision-language models, is consistent with our analyses and our empirical findings, that are unified
under the hypothesis that finite semantic resolution constitutes an information-theoretic constraint
rather than implementation artifact. This, in turn, provides a rigorous mathematical foundation for
understanding capacity limits in both artificial and biological systems.

Our theory also indicates how competing representational strategies of intelligent systems are tied
to one another: identification demands sharp, distinct representations, while generalization requires
coarse, overlapping ones. This tension is echoed in neuroscience literature on representational

efficiency (coding related items compactly) versus processing efficiency (handling multiple items

gemma-3-12b-it Qwen2.5-VL-7B-Instruct

Figure 5: Empirical resolution tradeoffs across realistic neural architectures. a. A CNN fine-
tuned on bird recognition shows the tradeoff between species identification and generalization to
phylogenetic similarity as a function of the weights of generalization ω and of the resolution ε. b.
LLMs tasked with comparing years of birth show different regimes of performances, compatible with
the existence of an emergent finite resolution (↑ 70–80 years). c. VLMs tasked with spatial proximity
tasks show decreased accuracy beyond a model-specific resolution scale. Details in appendix A.8.
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Intelligent systems must deploy internal representations that are simultaneously
structured—to support broad generalization—and selective—to preserve input
identity. We expose a fundamental limit on this tradeoff. For any model whose
representational similarity between inputs decays with finite semantic resolution
ω, we derive closed-form expressions that pin its probability of correct general-
ization pS and identification pI to a universal Pareto front independent of input
space geometry. Extending the analysis to noisy, heterogeneous spaces and to
n > 2 inputs predicts a sharp 1/n collapse of multi-input processing capacity and
a non-monotonic optimum for pS . A minimal ReLU network trained end-to-end
reproduces these laws: during learning a resolution boundary self-organizes and
empirical (pS , pI) trajectories closely follow theoretical curves for linearly decay-
ing similarity. Finally, we demonstrate that the same limits persist in two markedly
more complex settings—a convolutional neural network and state-of-the-art vi-
sion–language models—confirming that finite-resolution similarity is a fundamen-
tal emergent informational constraint, not merely a toy-model artifact. Together,
these results provide an exact theory of the generalization-identification trade-off
and clarify how semantic resolution shapes the representational capacity of deep
networks and brains alike.

1 Introduction

Background. Modern neural networks have revolutionized the way we perform everyday tasks.
However, they exhibit inherent tradeoffs between information processing and generalization observed
in cognitive systems [1]. These networks utilize distributed representations that enable efficient
generalization in unseen situations [2–4], but suffer from the binding problem —the inability to
maintain associations between features when processing multiple inputs simultaneously [5–7].

To understand how internal representations help to generalize, we build on Shepard’s Universal
Law of Generalization [8, 9], which frames generalization as minimizing distances in psychological
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takes all years in [c→ 300, c+ 300]. Figure 5b shows the decision curves indicating the empirical
probability with which each model responded with the correct answer. This shows that the models’
year representations closely follow our assumptions about resolution: all models showed decreased
performance as probe dates moved further from reference dates, similar to what we observed with
exponentially decaying similarities with noise g(x1, x2) = exp(→µd(x1, x2)) +! (bottom row).

Spatial similarity task in VLMs. Finally, we tested the effects of resolution in two Vision-Language
Models (VLMs) (gemma-3-12b-it (Team et al., 2024; Team, 2025a) and Qwen2.5-VL-7B-Instruct
(Yang et al., 2024; Team, 2025b)), on a visual spatial similarity task. Four different black shapes
were presented to the model in the four corners of the image (Figure 5c), together with a red cross in
a random position. The model was tasked with indicating which black shape was closest to the red
cross, and we recorded accuracy for each sampled position. Figure 5c shows that, once again, the
models display clear resolution limits in their generalization capabilities, similar to those observed in
the year task.

6 DISCUSSION

We have provided a formal theory of the tradeoff between identification and generalization in systems
constrained by finite semantic resolution, building on the formal framework of Frankland et al.
(2021). Our closed form expressions reveal a universal Pareto front determined by resolution scale
and stimulus geometry, a fundamental limit that is obeyed in empirical tests of model architectures
both small and large. Our analysis identifies the optimal resolution for generalization, at which
semantic similarity functions tile approximately half of the representational space in discrimination
tasks (Sorscher et al., 2022). Beyond this point, increasing resolution impairs identification as
representations become too broadly generalized. Below it, representations are discriminable, but fail
to capture meaningful similarities, thus compromising generalization. This offers an explanation for
why both humans and state-of-the-art neural network models struggle with multi-object reasoning,
despite their vast computational resources and remarkable capabilities in other domains.

The spontaneous emergence of this tradeoff across architectures, from minimal ReLU networks to
vision-language models, is consistent with our analyses and our empirical findings, that are unified
under the hypothesis that finite semantic resolution constitutes an information-theoretic constraint
rather than implementation artifact. This, in turn, provides a rigorous mathematical foundation for
understanding capacity limits in both artificial and biological systems.

Our theory also indicates how competing representational strategies of intelligent systems are tied
to one another: identification demands sharp, distinct representations, while generalization requires
coarse, overlapping ones. This tension is echoed in neuroscience literature on representational

efficiency (coding related items compactly) versus processing efficiency (handling multiple items

gemma-3-12b-it Qwen2.5-VL-7B-Instruct

Figure 5: Empirical resolution tradeoffs across realistic neural architectures. a. A CNN fine-
tuned on bird recognition shows the tradeoff between species identification and generalization to
phylogenetic similarity as a function of the weights of generalization ω and of the resolution ε. b.
LLMs tasked with comparing years of birth show different regimes of performances, compatible with
the existence of an emergent finite resolution (↑ 70–80 years). c. VLMs tasked with spatial proximity
tasks show decreased accuracy beyond a model-specific resolution scale. Details in appendix A.8.
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further from reference dates, similar to what we observed with exponentially decaying similarities
with noise g(x1, x2) = exp(→µd(x1, x2)) +! (bottom row).

Spatial similarity task in VLMs. Finally, we tested the effects of resolution in two Vision-Language
Models (VLMs) (gemma-3-12b-it [31, 34] and Qwen2.5-VL-7B-Instruct [33, 35]), on a visual
spatial similarity task. Four different black shapes were presented to the model in the four corners
of the image (Figure 5c), together with a red cross in a random position. The model was tasked
with indicating which black shape was closest to the red cross, and we recorded accuracy for each
sampled position. Figure 5c shows that, once again, the models display clear resolution limits in their
generalization capabilities, similar to those observed in the year task.

6 Discussion

We have provided a formal theory of the tradeoff between identification and generalization in systems
constrained by finite semantic resolution, building on the formal framework of Frankland et al. [23].
Our closed form expressions reveal a universal Pareto front determined by resolution scale and
stimulus geometry–a fundamental limit that is obeyed in empirical tests of model architectures both
small and large.

Our analysis identifies the optimal resolution for generalization, at which semantic similarity func-
tions tile approximately half of the representational space in discrimination tasks [36]. Beyond this
point, increasing resolution impairs identification as representations become too broadly generalized.
Below it, representations are discriminable, but fail to capture meaningful similarities, thus compro-
mising generalization. This offers an explanation for why both humans and state-of-the-art neural
network models struggle with multi-object reasoning, despite their vast computational resources and
remarkable capabilities in other domains.

The spontaneous emergence of this tradeoff across architectures–from minimal ReLU networks to
vision-language models–is consistent with our analyses and our empirical findings, that are unified
under the hypothesis that finite semantic resolution constitutes an information-theoretic constraint
rather than implementation artifact. This, in turn, provides a rigorous mathematical foundation for
understanding capacity limits in both artificial and biological systems.

Our theory also indicates how competing representational strategies of intelligent systems are tied
to one another: identification demands sharp, distinct representations, while generalization requires
coarse, overlapping ones. This tension is echoed in neuroscience literature on representational
efficiency (coding related items compactly) versus processing efficiency (handling multiple items
jointly) [37–39]. Our analyses also provide a formal explanation for empirical observations in neural
population coding [40, 41], where semantically clustered "neural thesaurus" structures emerge as

gemma-3-12b-it Qwen2.5-VL-7B-Instruct

Figure 5: Empirical resolution tradeoffs across realistic neural architectures. (a) a CNN fine-
tuned on bird recognition shows tradeoff between species identification and generalization to phylo-
genetic similarity as a function of the weights of generalization ω and of the resolution ε. (b) LLMs
tasked with comparing years of birth show different regimes of performances, compatible with the
existence of an emergent finite resolution (↑ 70–80 years). (c) VLMs tasked with spatial proximity
tasks show decreased accuracy beyond a model-specific resolution scale. Details in appendix A.6.
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Intelligent systems must deploy internal representations that are simultaneously
structured—to support broad generalization—and selective—to preserve input
identity. We expose a fundamental limit on this tradeoff. For any model whose
representational similarity between inputs decays with finite semantic resolution
ω, we derive closed-form expressions that pin its probability of correct general-
ization pS and identification pI to a universal Pareto front independent of input
space geometry. Extending the analysis to noisy, heterogeneous spaces and to
n > 2 inputs predicts a sharp 1/n collapse of multi-input processing capacity and
a non-monotonic optimum for pS . A minimal ReLU network trained end-to-end
reproduces these laws: during learning a resolution boundary self-organizes and
empirical (pS , pI) trajectories closely follow theoretical curves for linearly decay-
ing similarity. Finally, we demonstrate that the same limits persist in two markedly
more complex settings—a convolutional neural network and state-of-the-art vi-
sion–language models—confirming that finite-resolution similarity is a fundamen-
tal emergent informational constraint, not merely a toy-model artifact. Together,
these results provide an exact theory of the generalization-identification trade-off
and clarify how semantic resolution shapes the representational capacity of deep
networks and brains alike.

1 Introduction

Background. Modern neural networks have revolutionized the way we perform everyday tasks.
However, they exhibit inherent tradeoffs between information processing and generalization observed
in cognitive systems [1]. These networks utilize distributed representations that enable efficient
generalization in unseen situations [2–4], but suffer from the binding problem —the inability to
maintain associations between features when processing multiple inputs simultaneously [5–7].

To understand how internal representations help to generalize, we build on Shepard’s Universal
Law of Generalization [8, 9], which frames generalization as minimizing distances in psychological
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takes all years in [c→ 300, c+ 300]. Figure 5b shows the decision curves indicating the empirical
probability with which each model responded with the correct answer. This shows that the models’
year representations closely follow our assumptions about resolution: all models showed decreased
performance as probe dates moved further from reference dates, similar to what we observed with
exponentially decaying similarities with noise g(x1, x2) = exp(→µd(x1, x2)) +! (bottom row).

Spatial similarity task in VLMs. Finally, we tested the effects of resolution in two Vision-Language
Models (VLMs) (gemma-3-12b-it (Team et al., 2024; Team, 2025a) and Qwen2.5-VL-7B-Instruct
(Yang et al., 2024; Team, 2025b)), on a visual spatial similarity task. Four different black shapes
were presented to the model in the four corners of the image (Figure 5c), together with a red cross in
a random position. The model was tasked with indicating which black shape was closest to the red
cross, and we recorded accuracy for each sampled position. Figure 5c shows that, once again, the
models display clear resolution limits in their generalization capabilities, similar to those observed in
the year task.

6 DISCUSSION

We have provided a formal theory of the tradeoff between identification and generalization in systems
constrained by finite semantic resolution, building on the formal framework of Frankland et al.
(2021). Our closed form expressions reveal a universal Pareto front determined by resolution scale
and stimulus geometry, a fundamental limit that is obeyed in empirical tests of model architectures
both small and large. Our analysis identifies the optimal resolution for generalization, at which
semantic similarity functions tile approximately half of the representational space in discrimination
tasks (Sorscher et al., 2022). Beyond this point, increasing resolution impairs identification as
representations become too broadly generalized. Below it, representations are discriminable, but fail
to capture meaningful similarities, thus compromising generalization. This offers an explanation for
why both humans and state-of-the-art neural network models struggle with multi-object reasoning,
despite their vast computational resources and remarkable capabilities in other domains.

The spontaneous emergence of this tradeoff across architectures, from minimal ReLU networks to
vision-language models, is consistent with our analyses and our empirical findings, that are unified
under the hypothesis that finite semantic resolution constitutes an information-theoretic constraint
rather than implementation artifact. This, in turn, provides a rigorous mathematical foundation for
understanding capacity limits in both artificial and biological systems.

Our theory also indicates how competing representational strategies of intelligent systems are tied
to one another: identification demands sharp, distinct representations, while generalization requires
coarse, overlapping ones. This tension is echoed in neuroscience literature on representational

efficiency (coding related items compactly) versus processing efficiency (handling multiple items

gemma-3-12b-it Qwen2.5-VL-7B-Instruct

Figure 5: Empirical resolution tradeoffs across realistic neural architectures. a. A CNN fine-
tuned on bird recognition shows the tradeoff between species identification and generalization to
phylogenetic similarity as a function of the weights of generalization ω and of the resolution ε. b.
LLMs tasked with comparing years of birth show different regimes of performances, compatible with
the existence of an emergent finite resolution (↑ 70–80 years). c. VLMs tasked with spatial proximity
tasks show decreased accuracy beyond a model-specific resolution scale. Details in appendix A.8.
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further from reference dates, similar to what we observed with exponentially decaying similarities
with noise g(x1, x2) = exp(→µd(x1, x2)) +! (bottom row).

Spatial similarity task in VLMs. Finally, we tested the effects of resolution in two Vision-Language
Models (VLMs) (gemma-3-12b-it [31, 34] and Qwen2.5-VL-7B-Instruct [33, 35]), on a visual
spatial similarity task. Four different black shapes were presented to the model in the four corners
of the image (Figure 5c), together with a red cross in a random position. The model was tasked
with indicating which black shape was closest to the red cross, and we recorded accuracy for each
sampled position. Figure 5c shows that, once again, the models display clear resolution limits in their
generalization capabilities, similar to those observed in the year task.

6 Discussion

We have provided a formal theory of the tradeoff between identification and generalization in systems
constrained by finite semantic resolution, building on the formal framework of Frankland et al. [23].
Our closed form expressions reveal a universal Pareto front determined by resolution scale and
stimulus geometry–a fundamental limit that is obeyed in empirical tests of model architectures both
small and large.

Our analysis identifies the optimal resolution for generalization, at which semantic similarity func-
tions tile approximately half of the representational space in discrimination tasks [36]. Beyond this
point, increasing resolution impairs identification as representations become too broadly generalized.
Below it, representations are discriminable, but fail to capture meaningful similarities, thus compro-
mising generalization. This offers an explanation for why both humans and state-of-the-art neural
network models struggle with multi-object reasoning, despite their vast computational resources and
remarkable capabilities in other domains.

The spontaneous emergence of this tradeoff across architectures–from minimal ReLU networks to
vision-language models–is consistent with our analyses and our empirical findings, that are unified
under the hypothesis that finite semantic resolution constitutes an information-theoretic constraint
rather than implementation artifact. This, in turn, provides a rigorous mathematical foundation for
understanding capacity limits in both artificial and biological systems.

Our theory also indicates how competing representational strategies of intelligent systems are tied
to one another: identification demands sharp, distinct representations, while generalization requires
coarse, overlapping ones. This tension is echoed in neuroscience literature on representational
efficiency (coding related items compactly) versus processing efficiency (handling multiple items
jointly) [37–39]. Our analyses also provide a formal explanation for empirical observations in neural
population coding [40, 41], where semantically clustered "neural thesaurus" structures emerge as
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Figure 5: Empirical resolution tradeoffs across realistic neural architectures. (a) a CNN fine-
tuned on bird recognition shows tradeoff between species identification and generalization to phylo-
genetic similarity as a function of the weights of generalization ω and of the resolution ε. (b) LLMs
tasked with comparing years of birth show different regimes of performances, compatible with the
existence of an emergent finite resolution (↑ 70–80 years). (c) VLMs tasked with spatial proximity
tasks show decreased accuracy beyond a model-specific resolution scale. Details in appendix A.6.
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Figure 1: a. On the left, exponential similarity functions centered on two stimuli x1, x2 → M , with
the black line indicating the decision function g(x1, p)/(g(x1, p) + g(x2, p)) with no resolution (see
Section 2 for explanation). On the center and right, the same quantities are shown in the case of the
presence of finite resolution. Notice that the model becomes uncertain for probes far away from
stimuli x1, x2. b. Visualization of the constant similarity functions of Definition 1.

We measure the generalization capabilities of A using a similarity task in which the model is asked
to perform similarity judgments that respect the metric structure of the stimulus space. The model
is shown n stimuli x1, . . . , xn → S and additional one, called the probe, p → S. It is then asked
to decide which of the n stimuli is the closest to p according to the distance d. Let (x1, . . . , xn), p
be sampled independently from M according to a probability measure ω. We call X the random
variable encoding the index of the closest item to the probe, i.e. X = argmin

i=1,...,n
d(xi, p). Intuitively, the

decision function represents how the model assesses the evidence when determining which input is
most similar to the probe. It formalizes the idea that the model’s choice depends on relative similarity
strengths rather than absolute values. We call Y the random variable indicating the model’s decision,
that we model as follows [26]:

Di(x1, . . . , xn; p) := P(Y = i|(x1, . . . , xn, p)) =
g(xi, p)∑n

k=1 g(xk, p)
. (1)

We quantify the overall generalization capability as the probability of the model making the correct
decision, i.e. pS := P(Y = X).

The identification task is used to measure how accurately stimuli can distinguished from one another.
The task is the same as the similarity task, but with the exception that the probe is always one of the
input stimuli p → {x1, . . . , xn}. This will result in the decision function of Equation (1) always being
of the form

Di(x1, . . . , xn;xj) := P(Y = i|(x1, . . . , xn, xj)) =
g(xi, xj)∑n

k=1 g(xk, xj)
. (2)

If now X(x1, . . . , xn;xj) = j, we write pI := P(Y = X) to indicate the probability of the model
succeeding in the identification task. Equations (1) and (2) can be interpreted, independent of
probabilities, in terms of relative similarity, where pS is taken to represent the average relative
similarity of stimuli that are close compared to stimuli that are further apart. In the same way, pI is
the average relative similarity of equal stimuli compared to different stimuli.

Importantly, when g(xi, xj) = exp(↑µd(xi, xj)), and the decay rate for the exponential is taken to
infinity (µ ↓ ↔), both pS and pI approach 1, (perfect performance); that is, identification and gener-
alization accuracy both benefit by maximizing decay rate . Critically, however, it has been observed
empirically that virtually any loss of precision (i.e., resolution) in computing the similarity function
introduces a fundamental tension between pS (generalization) and pI (identification accuracy) with
respect to decay rate, wherein generalization benefits by decreases in decay rate that dramatically
degrade identification accuracy (Figure 1a). This tension has been referred to as "Miller’s Law" [23].
Here, we provide a formal analysis of this effect, showing that it generalizes to learning in neural
networks, where it imposes a fundamental constraint on the interaction between representations and
efficiency of processing.
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Figure 1: Visual search tasks and results. Example trials for the 2D (top) and 3D (bottom) variants
of the disjunctive (left/red column) and conjunctive (middle/blue column) search conditions. Perfor-
mance for 2D and 3D task variants are plotted on the right. Results reflect aggregate performance
for all four VLMs (GPT-4v, GPT-4o, Gemini Ultra 1.5, and Claude Sonnet 3.5; see Supplementary
Figure 5 for separate model results). Error bars denote 95% binomial confidence intervals.

2.1 Methods

We tested the extent to which VLMs demonstrate similar capacity constraints to humans in visual
search tasks. We evaluated four multimodal language models – GPT-4v, GPT-4o, Gemini Ultra
1.5, and Claude Sonnet 3.5 – on a task involving disjunctive and conjunctive search conditions.1We
generated datasets involving either 2D sprites or 3D scenes created in Blender [6] (similar to those
found in the CLEVR dataset [13]). The datasets were designed to evaluate the ability of the model to
detect the presence of a target object among multiple distractors. In half of the images, a target was
present, while in the other half, no target was present.

Each image contained between 4 and 50 distractors. For the disjunctive search task, these consisted
of non-overlapping red circles (for the 2D dataset) or green spheres (for the 3D dataset) of a uniform
size. Half of the images additionally contained a target object, which was a green circle (for the 2D
dataset) or a red sphere (for the 3D dataset). For the conjunctive search task, the 2D dataset consisted
of images in which the distractors were either red L-shapes or green T-shapes (randomly selected
with equal probability). Half of the images additionally contained a target object, which was a green
L-shape. The 3D dataset consisted of images in which the distractors were either green spheres or red
cubes (randomly selected with equal probability). Half of the images additionally contained a target
object, which was a red sphere. Each of the datasets (2D disjunctive, 2D conjunctive, 3D disjunctive,
3D conjunctive) contained 1000 images.

2.2 Results

We measured the performance of each model by calculating, for each condition, how detection
accuracy varied as a function of the number of distractors2. The results indicate that performance in
the disjunctive search (i.e., popout) condition was perfect, and invariant to the number of distractors.
That is, regardless of the number of distractors, all models achieved perfect accuracy in this condition.

1We also evaluated an open-source multimodal language model – Llava 1.5 – but performance was very low
for these tasks. These results are presented in Supplementary Figure 6.

2When studying visual search in human participants, a reaction time (RT) paradigm is typically employed,
measuring the time required to locate the target object. Because RT measures cannot be straightforwardly
obtained from VLMs, we instead measure accuracy, which is sometimes used in human behavioral studies that
employ speeded responses. [18]
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Figure 1: Visual search tasks and results. Example trials for the 2D (top) and 3D (bottom) variants
of the disjunctive (left/red column) and conjunctive (middle/blue column) search conditions. Perfor-
mance for 2D and 3D task variants are plotted on the right. Results reflect aggregate performance
for all four VLMs (GPT-4v, GPT-4o, Gemini Ultra 1.5, and Claude Sonnet 3.5; see Supplementary
Figure 5 for separate model results). Error bars denote 95% binomial confidence intervals.

2.1 Methods

We tested the extent to which VLMs demonstrate similar capacity constraints to humans in visual
search tasks. We evaluated four multimodal language models – GPT-4v, GPT-4o, Gemini Ultra
1.5, and Claude Sonnet 3.5 – on a task involving disjunctive and conjunctive search conditions.1We
generated datasets involving either 2D sprites or 3D scenes created in Blender [6] (similar to those
found in the CLEVR dataset [13]). The datasets were designed to evaluate the ability of the model to
detect the presence of a target object among multiple distractors. In half of the images, a target was
present, while in the other half, no target was present.

Each image contained between 4 and 50 distractors. For the disjunctive search task, these consisted
of non-overlapping red circles (for the 2D dataset) or green spheres (for the 3D dataset) of a uniform
size. Half of the images additionally contained a target object, which was a green circle (for the 2D
dataset) or a red sphere (for the 3D dataset). For the conjunctive search task, the 2D dataset consisted
of images in which the distractors were either red L-shapes or green T-shapes (randomly selected
with equal probability). Half of the images additionally contained a target object, which was a green
L-shape. The 3D dataset consisted of images in which the distractors were either green spheres or red
cubes (randomly selected with equal probability). Half of the images additionally contained a target
object, which was a red sphere. Each of the datasets (2D disjunctive, 2D conjunctive, 3D disjunctive,
3D conjunctive) contained 1000 images.

2.2 Results

We measured the performance of each model by calculating, for each condition, how detection
accuracy varied as a function of the number of distractors2. The results indicate that performance in
the disjunctive search (i.e., popout) condition was perfect, and invariant to the number of distractors.
That is, regardless of the number of distractors, all models achieved perfect accuracy in this condition.

1We also evaluated an open-source multimodal language model – Llava 1.5 – but performance was very low
for these tasks. These results are presented in Supplementary Figure 6.

2When studying visual search in human participants, a reaction time (RT) paradigm is typically employed,
measuring the time required to locate the target object. Because RT measures cannot be straightforwardly
obtained from VLMs, we instead measure accuracy, which is sometimes used in human behavioral studies that
employ speeded responses. [18]
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Figure 1: Visual search tasks and results. Example trials for the 2D (top) and 3D (bottom) variants
of the disjunctive (left/red column) and conjunctive (middle/blue column) search conditions. Perfor-
mance for 2D and 3D task variants are plotted on the right. Results reflect aggregate performance
for all four VLMs (GPT-4v, GPT-4o, Gemini Ultra 1.5, and Claude Sonnet 3.5; see Supplementary
Figure 5 for separate model results). Error bars denote 95% binomial confidence intervals.

2.1 Methods

We tested the extent to which VLMs demonstrate similar capacity constraints to humans in visual
search tasks. We evaluated four multimodal language models – GPT-4v, GPT-4o, Gemini Ultra
1.5, and Claude Sonnet 3.5 – on a task involving disjunctive and conjunctive search conditions.1We
generated datasets involving either 2D sprites or 3D scenes created in Blender [6] (similar to those
found in the CLEVR dataset [13]). The datasets were designed to evaluate the ability of the model to
detect the presence of a target object among multiple distractors. In half of the images, a target was
present, while in the other half, no target was present.

Each image contained between 4 and 50 distractors. For the disjunctive search task, these consisted
of non-overlapping red circles (for the 2D dataset) or green spheres (for the 3D dataset) of a uniform
size. Half of the images additionally contained a target object, which was a green circle (for the 2D
dataset) or a red sphere (for the 3D dataset). For the conjunctive search task, the 2D dataset consisted
of images in which the distractors were either red L-shapes or green T-shapes (randomly selected
with equal probability). Half of the images additionally contained a target object, which was a green
L-shape. The 3D dataset consisted of images in which the distractors were either green spheres or red
cubes (randomly selected with equal probability). Half of the images additionally contained a target
object, which was a red sphere. Each of the datasets (2D disjunctive, 2D conjunctive, 3D disjunctive,
3D conjunctive) contained 1000 images.

2.2 Results

We measured the performance of each model by calculating, for each condition, how detection
accuracy varied as a function of the number of distractors2. The results indicate that performance in
the disjunctive search (i.e., popout) condition was perfect, and invariant to the number of distractors.
That is, regardless of the number of distractors, all models achieved perfect accuracy in this condition.

1We also evaluated an open-source multimodal language model – Llava 1.5 – but performance was very low
for these tasks. These results are presented in Supplementary Figure 6.

2When studying visual search in human participants, a reaction time (RT) paradigm is typically employed,
measuring the time required to locate the target object. Because RT measures cannot be straightforwardly
obtained from VLMs, we instead measure accuracy, which is sometimes used in human behavioral studies that
employ speeded responses. [18]
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Figure 1: Visual search tasks and results. Example trials for the 2D (top) and 3D (bottom) variants
of the disjunctive (left/red column) and conjunctive (middle/blue column) search conditions. Perfor-
mance for 2D and 3D task variants are plotted on the right. Results reflect aggregate performance
for all four VLMs (GPT-4v, GPT-4o, Gemini Ultra 1.5, and Claude Sonnet 3.5; see Supplementary
Figure 5 for separate model results). Error bars denote 95% binomial confidence intervals.

2.1 Methods

We tested the extent to which VLMs demonstrate similar capacity constraints to humans in visual
search tasks. We evaluated four multimodal language models – GPT-4v, GPT-4o, Gemini Ultra
1.5, and Claude Sonnet 3.5 – on a task involving disjunctive and conjunctive search conditions.1We
generated datasets involving either 2D sprites or 3D scenes created in Blender [6] (similar to those
found in the CLEVR dataset [13]). The datasets were designed to evaluate the ability of the model to
detect the presence of a target object among multiple distractors. In half of the images, a target was
present, while in the other half, no target was present.

Each image contained between 4 and 50 distractors. For the disjunctive search task, these consisted
of non-overlapping red circles (for the 2D dataset) or green spheres (for the 3D dataset) of a uniform
size. Half of the images additionally contained a target object, which was a green circle (for the 2D
dataset) or a red sphere (for the 3D dataset). For the conjunctive search task, the 2D dataset consisted
of images in which the distractors were either red L-shapes or green T-shapes (randomly selected
with equal probability). Half of the images additionally contained a target object, which was a green
L-shape. The 3D dataset consisted of images in which the distractors were either green spheres or red
cubes (randomly selected with equal probability). Half of the images additionally contained a target
object, which was a red sphere. Each of the datasets (2D disjunctive, 2D conjunctive, 3D disjunctive,
3D conjunctive) contained 1000 images.

2.2 Results

We measured the performance of each model by calculating, for each condition, how detection
accuracy varied as a function of the number of distractors2. The results indicate that performance in
the disjunctive search (i.e., popout) condition was perfect, and invariant to the number of distractors.
That is, regardless of the number of distractors, all models achieved perfect accuracy in this condition.

1We also evaluated an open-source multimodal language model – Llava 1.5 – but performance was very low
for these tasks. These results are presented in Supplementary Figure 6.

2When studying visual search in human participants, a reaction time (RT) paradigm is typically employed,
measuring the time required to locate the target object. Because RT measures cannot be straightforwardly
obtained from VLMs, we instead measure accuracy, which is sometimes used in human behavioral studies that
employ speeded responses. [18]
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Figure 1: Visual search tasks and results. Example trials for the 2D (top) and 3D (bottom) variants
of the disjunctive (left/red column) and conjunctive (middle/blue column) search conditions. Perfor-
mance for 2D and 3D task variants are plotted on the right. Results reflect aggregate performance
for all four VLMs (GPT-4v, GPT-4o, Gemini Ultra 1.5, and Claude Sonnet 3.5; see Supplementary
Figure 5 for separate model results). Error bars denote 95% binomial confidence intervals.

2.1 Methods

We tested the extent to which VLMs demonstrate similar capacity constraints to humans in visual
search tasks. We evaluated four multimodal language models – GPT-4v, GPT-4o, Gemini Ultra
1.5, and Claude Sonnet 3.5 – on a task involving disjunctive and conjunctive search conditions.1We
generated datasets involving either 2D sprites or 3D scenes created in Blender [6] (similar to those
found in the CLEVR dataset [13]). The datasets were designed to evaluate the ability of the model to
detect the presence of a target object among multiple distractors. In half of the images, a target was
present, while in the other half, no target was present.

Each image contained between 4 and 50 distractors. For the disjunctive search task, these consisted
of non-overlapping red circles (for the 2D dataset) or green spheres (for the 3D dataset) of a uniform
size. Half of the images additionally contained a target object, which was a green circle (for the 2D
dataset) or a red sphere (for the 3D dataset). For the conjunctive search task, the 2D dataset consisted
of images in which the distractors were either red L-shapes or green T-shapes (randomly selected
with equal probability). Half of the images additionally contained a target object, which was a green
L-shape. The 3D dataset consisted of images in which the distractors were either green spheres or red
cubes (randomly selected with equal probability). Half of the images additionally contained a target
object, which was a red sphere. Each of the datasets (2D disjunctive, 2D conjunctive, 3D disjunctive,
3D conjunctive) contained 1000 images.

2.2 Results

We measured the performance of each model by calculating, for each condition, how detection
accuracy varied as a function of the number of distractors2. The results indicate that performance in
the disjunctive search (i.e., popout) condition was perfect, and invariant to the number of distractors.
That is, regardless of the number of distractors, all models achieved perfect accuracy in this condition.

1We also evaluated an open-source multimodal language model – Llava 1.5 – but performance was very low
for these tasks. These results are presented in Supplementary Figure 6.

2When studying visual search in human participants, a reaction time (RT) paradigm is typically employed,
measuring the time required to locate the target object. Because RT measures cannot be straightforwardly
obtained from VLMs, we instead measure accuracy, which is sometimes used in human behavioral studies that
employ speeded responses. [18]
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Figure 1: Visual search tasks and results. Example trials for the 2D (top) and 3D (bottom) variants
of the disjunctive (left/red column) and conjunctive (middle/blue column) search conditions. Perfor-
mance for 2D and 3D task variants are plotted on the right. Results reflect aggregate performance
for all four VLMs (GPT-4v, GPT-4o, Gemini Ultra 1.5, and Claude Sonnet 3.5; see Supplementary
Figure 5 for separate model results). Error bars denote 95% binomial confidence intervals.

2.1 Methods

We tested the extent to which VLMs demonstrate similar capacity constraints to humans in visual
search tasks. We evaluated four multimodal language models – GPT-4v, GPT-4o, Gemini Ultra
1.5, and Claude Sonnet 3.5 – on a task involving disjunctive and conjunctive search conditions.1We
generated datasets involving either 2D sprites or 3D scenes created in Blender [6] (similar to those
found in the CLEVR dataset [13]). The datasets were designed to evaluate the ability of the model to
detect the presence of a target object among multiple distractors. In half of the images, a target was
present, while in the other half, no target was present.

Each image contained between 4 and 50 distractors. For the disjunctive search task, these consisted
of non-overlapping red circles (for the 2D dataset) or green spheres (for the 3D dataset) of a uniform
size. Half of the images additionally contained a target object, which was a green circle (for the 2D
dataset) or a red sphere (for the 3D dataset). For the conjunctive search task, the 2D dataset consisted
of images in which the distractors were either red L-shapes or green T-shapes (randomly selected
with equal probability). Half of the images additionally contained a target object, which was a green
L-shape. The 3D dataset consisted of images in which the distractors were either green spheres or red
cubes (randomly selected with equal probability). Half of the images additionally contained a target
object, which was a red sphere. Each of the datasets (2D disjunctive, 2D conjunctive, 3D disjunctive,
3D conjunctive) contained 1000 images.

2.2 Results

We measured the performance of each model by calculating, for each condition, how detection
accuracy varied as a function of the number of distractors2. The results indicate that performance in
the disjunctive search (i.e., popout) condition was perfect, and invariant to the number of distractors.
That is, regardless of the number of distractors, all models achieved perfect accuracy in this condition.

1We also evaluated an open-source multimodal language model – Llava 1.5 – but performance was very low
for these tasks. These results are presented in Supplementary Figure 6.

2When studying visual search in human participants, a reaction time (RT) paradigm is typically employed,
measuring the time required to locate the target object. Because RT measures cannot be straightforwardly
obtained from VLMs, we instead measure accuracy, which is sometimes used in human behavioral studies that
employ speeded responses. [18]
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Figure 1: Visual search tasks and results. Example trials for the 2D (top) and 3D (bottom) variants
of the disjunctive (left/red column) and conjunctive (middle/blue column) search conditions. Perfor-
mance for 2D and 3D task variants are plotted on the right. Results reflect aggregate performance
for all four VLMs (GPT-4v, GPT-4o, Gemini Ultra 1.5, and Claude Sonnet 3.5; see Supplementary
Figure 5 for separate model results). Error bars denote 95% binomial confidence intervals.

2.1 Methods

We tested the extent to which VLMs demonstrate similar capacity constraints to humans in visual
search tasks. We evaluated four multimodal language models – GPT-4v, GPT-4o, Gemini Ultra
1.5, and Claude Sonnet 3.5 – on a task involving disjunctive and conjunctive search conditions.1We
generated datasets involving either 2D sprites or 3D scenes created in Blender [6] (similar to those
found in the CLEVR dataset [13]). The datasets were designed to evaluate the ability of the model to
detect the presence of a target object among multiple distractors. In half of the images, a target was
present, while in the other half, no target was present.

Each image contained between 4 and 50 distractors. For the disjunctive search task, these consisted
of non-overlapping red circles (for the 2D dataset) or green spheres (for the 3D dataset) of a uniform
size. Half of the images additionally contained a target object, which was a green circle (for the 2D
dataset) or a red sphere (for the 3D dataset). For the conjunctive search task, the 2D dataset consisted
of images in which the distractors were either red L-shapes or green T-shapes (randomly selected
with equal probability). Half of the images additionally contained a target object, which was a green
L-shape. The 3D dataset consisted of images in which the distractors were either green spheres or red
cubes (randomly selected with equal probability). Half of the images additionally contained a target
object, which was a red sphere. Each of the datasets (2D disjunctive, 2D conjunctive, 3D disjunctive,
3D conjunctive) contained 1000 images.

2.2 Results

We measured the performance of each model by calculating, for each condition, how detection
accuracy varied as a function of the number of distractors2. The results indicate that performance in
the disjunctive search (i.e., popout) condition was perfect, and invariant to the number of distractors.
That is, regardless of the number of distractors, all models achieved perfect accuracy in this condition.

1We also evaluated an open-source multimodal language model – Llava 1.5 – but performance was very low
for these tasks. These results are presented in Supplementary Figure 6.

2When studying visual search in human participants, a reaction time (RT) paradigm is typically employed,
measuring the time required to locate the target object. Because RT measures cannot be straightforwardly
obtained from VLMs, we instead measure accuracy, which is sometimes used in human behavioral studies that
employ speeded responses. [18]
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Figure 1: Visual search tasks and results. Example trials for the 2D (top) and 3D (bottom) variants
of the disjunctive (left/red column) and conjunctive (middle/blue column) search conditions. Perfor-
mance for 2D and 3D task variants are plotted on the right. Results reflect aggregate performance
for all four VLMs (GPT-4v, GPT-4o, Gemini Ultra 1.5, and Claude Sonnet 3.5; see Supplementary
Figure 5 for separate model results). Error bars denote 95% binomial confidence intervals.

2.1 Methods

We tested the extent to which VLMs demonstrate similar capacity constraints to humans in visual
search tasks. We evaluated four multimodal language models – GPT-4v, GPT-4o, Gemini Ultra
1.5, and Claude Sonnet 3.5 – on a task involving disjunctive and conjunctive search conditions.1We
generated datasets involving either 2D sprites or 3D scenes created in Blender [6] (similar to those
found in the CLEVR dataset [13]). The datasets were designed to evaluate the ability of the model to
detect the presence of a target object among multiple distractors. In half of the images, a target was
present, while in the other half, no target was present.

Each image contained between 4 and 50 distractors. For the disjunctive search task, these consisted
of non-overlapping red circles (for the 2D dataset) or green spheres (for the 3D dataset) of a uniform
size. Half of the images additionally contained a target object, which was a green circle (for the 2D
dataset) or a red sphere (for the 3D dataset). For the conjunctive search task, the 2D dataset consisted
of images in which the distractors were either red L-shapes or green T-shapes (randomly selected
with equal probability). Half of the images additionally contained a target object, which was a green
L-shape. The 3D dataset consisted of images in which the distractors were either green spheres or red
cubes (randomly selected with equal probability). Half of the images additionally contained a target
object, which was a red sphere. Each of the datasets (2D disjunctive, 2D conjunctive, 3D disjunctive,
3D conjunctive) contained 1000 images.

2.2 Results

We measured the performance of each model by calculating, for each condition, how detection
accuracy varied as a function of the number of distractors2. The results indicate that performance in
the disjunctive search (i.e., popout) condition was perfect, and invariant to the number of distractors.
That is, regardless of the number of distractors, all models achieved perfect accuracy in this condition.

1We also evaluated an open-source multimodal language model – Llava 1.5 – but performance was very low
for these tasks. These results are presented in Supplementary Figure 6.

2When studying visual search in human participants, a reaction time (RT) paradigm is typically employed,
measuring the time required to locate the target object. Because RT measures cannot be straightforwardly
obtained from VLMs, we instead measure accuracy, which is sometimes used in human behavioral studies that
employ speeded responses. [18]
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Figure 1: Visual search tasks and results. Example trials for the 2D (top) and 3D (bottom) variants
of the disjunctive (left/red column) and conjunctive (middle/blue column) search conditions. Perfor-
mance for 2D and 3D task variants are plotted on the right. Results reflect aggregate performance
for all four VLMs (GPT-4v, GPT-4o, Gemini Ultra 1.5, and Claude Sonnet 3.5; see Supplementary
Figure 5 for separate model results). Error bars denote 95% binomial confidence intervals.

2.1 Methods

We tested the extent to which VLMs demonstrate similar capacity constraints to humans in visual
search tasks. We evaluated four multimodal language models – GPT-4v, GPT-4o, Gemini Ultra
1.5, and Claude Sonnet 3.5 – on a task involving disjunctive and conjunctive search conditions.1We
generated datasets involving either 2D sprites or 3D scenes created in Blender [6] (similar to those
found in the CLEVR dataset [13]). The datasets were designed to evaluate the ability of the model to
detect the presence of a target object among multiple distractors. In half of the images, a target was
present, while in the other half, no target was present.

Each image contained between 4 and 50 distractors. For the disjunctive search task, these consisted
of non-overlapping red circles (for the 2D dataset) or green spheres (for the 3D dataset) of a uniform
size. Half of the images additionally contained a target object, which was a green circle (for the 2D
dataset) or a red sphere (for the 3D dataset). For the conjunctive search task, the 2D dataset consisted
of images in which the distractors were either red L-shapes or green T-shapes (randomly selected
with equal probability). Half of the images additionally contained a target object, which was a green
L-shape. The 3D dataset consisted of images in which the distractors were either green spheres or red
cubes (randomly selected with equal probability). Half of the images additionally contained a target
object, which was a red sphere. Each of the datasets (2D disjunctive, 2D conjunctive, 3D disjunctive,
3D conjunctive) contained 1000 images.

2.2 Results

We measured the performance of each model by calculating, for each condition, how detection
accuracy varied as a function of the number of distractors2. The results indicate that performance in
the disjunctive search (i.e., popout) condition was perfect, and invariant to the number of distractors.
That is, regardless of the number of distractors, all models achieved perfect accuracy in this condition.

1We also evaluated an open-source multimodal language model – Llava 1.5 – but performance was very low
for these tasks. These results are presented in Supplementary Figure 6.

2When studying visual search in human participants, a reaction time (RT) paradigm is typically employed,
measuring the time required to locate the target object. Because RT measures cannot be straightforwardly
obtained from VLMs, we instead measure accuracy, which is sometimes used in human behavioral studies that
employ speeded responses. [18]
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Abstract

Recent work has documented striking heterogeneity in the performance of state-
of-the-art vision language models (VLMs), including both multimodal language
models and text-to-image models. These models are able to describe and generate
a diverse array of complex, naturalistic images, yet they exhibit surprising failures
on basic multi-object reasoning tasks – such as counting, localization, and simple
forms of visual analogy – that humans perform with near perfect accuracy. To
better understand this puzzling pattern of successes and failures, we turn to theo-
retical accounts of the binding problem in cognitive science and neuroscience, a
fundamental problem that arises when a shared set of representational resources
must be used to represent distinct entities (e.g., to represent multiple objects in an
image), necessitating the use of serial processing to avoid interference. We find that
many of the puzzling failures of state-of-the-art VLMs can be explained as arising
due to the binding problem, and that these failure modes are strikingly similar to
the limitations exhibited by rapid, feedforward processing in the human brain.

1 Introduction

Recent progress in training large-scale neural networks on internet-scale datasets has led to the
creation of AI systems with capabilities rivaling human performance across a broad range of complex
tasks. Most recently, this has given rise to an array of vision language models (VLMs), including
multimodal language models such as GPT-4v that can generate text descriptions of multimodal text
and image inputs [1], and text-to-image models such as DALL-E 3 that can generate images from
natural language descriptions [24]. However, despite the considerable success of VLMs across many
tasks, these models still perform poorly on several surprisingly simple multi-object reasoning tasks –
such as counting [23, 25, 40], relational image generation [7], relational scene understanding [15, 31],
and simple visual analogy tasks [20, 38] – on which humans achieve near perfect accuracy.

Drawing from theoretical work both in cognitive science and neuroscience, we turn to the binding
problem [9, 10, 29, 33, 36] as a potential explanation for these limitations. ‘Binding’ refers to the
ability to associate one feature of an object (e.g., its color) with the other features of that object (e.g.,
its shape and location), and the ‘binding problem’ refers to the question of how the brain accomplishes
this without interference between the features for different objects. It is widely recognized that the
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TPR formulation of Miller-Shepard's law
We work in a real vector space .
Let  be a set of fillers and  be a set of roles.
Let us consider the binding that associates  for every .

The scene that contains the items is represented by the tensor product representation (TPR)

where we defined the matrices  and . Notice that specific
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the unbinding of the filler associated to  results in the vector  corrupted by the role-
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sequence replays on a range of learnt sequences; (ii) capacity, i.e., how multiple sequences can
be stored simultaneously; (iii) robustness of the sequence replays.

Results

Hierarchical model of spiking neurons with plastic synapses for temporal
sequence learning

We design a hierarchical model by combining the following spiking recurrent networks (Fig
1): 1) A recurrent network exhibiting fast sequential dynamics (the fast clock); 2) a recurrent
network exhibiting slow sequential dynamics (the slow clock); 3) a series of interneuron net-
works that store and produce the to-be-learnt ordering of motifs (the syntax networks); 4) a
series of read-out networks that store and produce the to-be-learnt motif dynamics (the motif
networks). We assume that there are a finite number of motifs and each motif is associated to a
separate read-out network (e.g., in Fig 1 there are 2 read-out networks corresponding to motifs
A and B). The goal of the model is to learn a complex sequence, with the motifs arranged in
a certain temporal order, such that the motifs themselves and the temporal ordering of the
motifs are learnt using local plasticity rules.

Neuronal network architecture. All neurons are either excitatory or inhibitory. Excit-
atory neurons follow an adaptive exponential integrate-and-fire dynamics and inhibitory neu-
rons follow a standard integrate-and-fire dynamics (see Methods).

The model has two recurrent networks that exhibit sequential dynamics: the fast and slow
clocks. The design of the clock networks follows Ref. [29]. Each clock is composed of clusters
of excitatory neurons coupled in a cycle with a directional bias (i.e., neurons in cluster i
are more strongly connected to neurons in cluster i + 1) together with a central cluster of

Fig 1. A cartoon of the model. Dynamics in the read-out networks (A and B) is learnt and controlled on two time
scales. The fast time scale network (fast clock) exhibits sequential dynamics that spans individual motifs. This acts
directly on the read-out networks through plastic synapses. These synapses learn the motifs. The slow time scale
network (slow clock) exhibits sequential dynamics that spans the entire sequence of motifs. This acts indirectly on the
read-out networks through an interneuron network. The synapses from the slow clock to the interneurons are plastic
and learn the right order of the motifs, or the syntax. The plastic synapses follow a simple symmetric STDP rule for
potentiation, with a constant depression independent of spike time.

https://doi.org/10.1371/journal.pcbi.1008866.g001
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Abstract

Sequential behaviour is often compositional and organised across multiple time scales: a

set of individual elements developing on short time scales (motifs) are combined to form lon-

ger functional sequences (syntax). Such organisation leads to a natural hierarchy that can

be used advantageously for learning, since the motifs and the syntax can be acquired inde-

pendently. Despite mounting experimental evidence for hierarchical structures in neurosci-

ence, models for temporal learning based on neuronal networks have mostly focused on

serial methods. Here, we introduce a network model of spiking neurons with a hierarchical

organisation aimed at sequence learning on multiple time scales. Using biophysically moti-

vated neuron dynamics and local plasticity rules, the model can learn motifs and syntax

independently. Furthermore, the model can relearn sequences efficiently and store multiple

sequences. Compared to serial learning, the hierarchical model displays faster learning,

more flexible relearning, increased capacity, and higher robustness to perturbations. The

hierarchical model redistributes the variability: it achieves high motif fidelity at the cost of

higher variability in the between-motif timings.

Author summary

The brain has the ability to learn and execute sequential behaviour on multiple time scales.
This behaviour is often compositional: a set of simple behaviours is concatenated to create
a complex behaviour. Technological improvements increasingly shine light on the build-
ing blocks of compositional behaviour, yet the underlying neural mechanisms remain
unclear. Here, we propose a hierarchical model to study the learning and execution of
compositional sequences, using bio-plausible neurons and learning rules. We compare
the hierarchical model with a serial version of the model. We demonstrate that the hierar-
chical model is more flexible, efficient and robust by exploiting the compositional nature
of the sequences.

PLOS Computational Biology | https://doi.org/10.1371/journal.pcbi.1008866 March 25, 2021 1 / 28
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interneuron network is a replica of the existing one, with the same structure and connection
weights to the rest of the system.

Each interneuron network learns one syntax, in the same way as one read-out network
learns one motif. As an illustration, we learn the sequences AAB and BAAB (Fig 6A), by

Fig 6. Spontaneous dynamics after learning two sequences alternately (80 learning iterations). A. The target sequences. B-E. Red dots: excitatory
neurons; blue dots: inhibitory neurons. Brown shaded area: sequence AAB is played by inhibiting the interneurons related to the second sequence;
light green shaded area: sequence BAAB is played by inhibiting the interneurons related to the first sequence. B. Spike raster of the fast clock. C.
Spike raster of the slow clock. D. Spike raster of the two read-out networks. E. Spike raster of the interneurons. An external attentional inhibitory
current selects which sequence is played. F. The motif weights encode the two motifs. Note the similarity with Fig 2F: the same motifs are re-used in
both sequences. G. The syntax weights encode the two motif orderings. Note the difference with Fig 2G: an additional syntax is stored. All motif and
syntax synapses are plastic at all times during the sequence presentations.

https://doi.org/10.1371/journal.pcbi.1008866.g006
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Fig 6. Spontaneous dynamics after learning two sequences alternately (80 learning iterations). A. The target sequences. B-E. Red dots: excitatory
neurons; blue dots: inhibitory neurons. Brown shaded area: sequence AAB is played by inhibiting the interneurons related to the second sequence;
light green shaded area: sequence BAAB is played by inhibiting the interneurons related to the first sequence. B. Spike raster of the fast clock. C.
Spike raster of the slow clock. D. Spike raster of the two read-out networks. E. Spike raster of the interneurons. An external attentional inhibitory
current selects which sequence is played. F. The motif weights encode the two motifs. Note the similarity with Fig 2F: the same motifs are re-used in
both sequences. G. The syntax weights encode the two motif orderings. Note the difference with Fig 2G: an additional syntax is stored. All motif and
syntax synapses are plastic at all times during the sequence presentations.

https://doi.org/10.1371/journal.pcbi.1008866.g006
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sequence replays on a range of learnt sequences; (ii) capacity, i.e., how multiple sequences can
be stored simultaneously; (iii) robustness of the sequence replays.

Results

Hierarchical model of spiking neurons with plastic synapses for temporal
sequence learning

We design a hierarchical model by combining the following spiking recurrent networks (Fig
1): 1) A recurrent network exhibiting fast sequential dynamics (the fast clock); 2) a recurrent
network exhibiting slow sequential dynamics (the slow clock); 3) a series of interneuron net-
works that store and produce the to-be-learnt ordering of motifs (the syntax networks); 4) a
series of read-out networks that store and produce the to-be-learnt motif dynamics (the motif
networks). We assume that there are a finite number of motifs and each motif is associated to a
separate read-out network (e.g., in Fig 1 there are 2 read-out networks corresponding to motifs
A and B). The goal of the model is to learn a complex sequence, with the motifs arranged in
a certain temporal order, such that the motifs themselves and the temporal ordering of the
motifs are learnt using local plasticity rules.

Neuronal network architecture. All neurons are either excitatory or inhibitory. Excit-
atory neurons follow an adaptive exponential integrate-and-fire dynamics and inhibitory neu-
rons follow a standard integrate-and-fire dynamics (see Methods).

The model has two recurrent networks that exhibit sequential dynamics: the fast and slow
clocks. The design of the clock networks follows Ref. [29]. Each clock is composed of clusters
of excitatory neurons coupled in a cycle with a directional bias (i.e., neurons in cluster i
are more strongly connected to neurons in cluster i + 1) together with a central cluster of

Fig 1. A cartoon of the model. Dynamics in the read-out networks (A and B) is learnt and controlled on two time
scales. The fast time scale network (fast clock) exhibits sequential dynamics that spans individual motifs. This acts
directly on the read-out networks through plastic synapses. These synapses learn the motifs. The slow time scale
network (slow clock) exhibits sequential dynamics that spans the entire sequence of motifs. This acts indirectly on the
read-out networks through an interneuron network. The synapses from the slow clock to the interneurons are plastic
and learn the right order of the motifs, or the syntax. The plastic synapses follow a simple symmetric STDP rule for
potentiation, with a constant depression independent of spike time.

https://doi.org/10.1371/journal.pcbi.1008866.g001
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Abstract

Sequential behaviour is often compositional and organised across multiple time scales: a

set of individual elements developing on short time scales (motifs) are combined to form lon-

ger functional sequences (syntax). Such organisation leads to a natural hierarchy that can

be used advantageously for learning, since the motifs and the syntax can be acquired inde-

pendently. Despite mounting experimental evidence for hierarchical structures in neurosci-

ence, models for temporal learning based on neuronal networks have mostly focused on

serial methods. Here, we introduce a network model of spiking neurons with a hierarchical

organisation aimed at sequence learning on multiple time scales. Using biophysically moti-

vated neuron dynamics and local plasticity rules, the model can learn motifs and syntax

independently. Furthermore, the model can relearn sequences efficiently and store multiple

sequences. Compared to serial learning, the hierarchical model displays faster learning,

more flexible relearning, increased capacity, and higher robustness to perturbations. The

hierarchical model redistributes the variability: it achieves high motif fidelity at the cost of

higher variability in the between-motif timings.

Author summary

The brain has the ability to learn and execute sequential behaviour on multiple time scales.
This behaviour is often compositional: a set of simple behaviours is concatenated to create
a complex behaviour. Technological improvements increasingly shine light on the build-
ing blocks of compositional behaviour, yet the underlying neural mechanisms remain
unclear. Here, we propose a hierarchical model to study the learning and execution of
compositional sequences, using bio-plausible neurons and learning rules. We compare
the hierarchical model with a serial version of the model. We demonstrate that the hierar-
chical model is more flexible, efficient and robust by exploiting the compositional nature
of the sequences.
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Our work focuses on data compression, in contrast with work
that views language in information-theoretic terms but focuses
instead on channel capacity (2–4, 7, 20), including work on lan-
guage evolution (21). Our work also further (e.g., refs. 7 and 22)
links information theory to the study of meaning, a connection
that has been contested since Shannon’s (23) foundational work.
IB has previously been used to find semantically meaningful clus-
ters of words (ref. 15; see also ref. 22), but has not previously
been used to account for word meanings as we do here.

Communication Model
To define our hypothesis precisely, we first formulate a basic
communication scenario involving a speaker and a listener.
This formulation is based on Shannon’s classical communica-
tion model (23), but specifically concerns messages that are
represented as distributions over the environment (Fig. 1). We
represent the environment, or universe, as a set of objects U . The
state of the environment can be any object u 2U , and we let U
be a random variable that represents a possible state. We define
a meaning to be a distribution m(u) over U and assume the exis-
tence of a cognitive source that generates intended meanings for
the speaker. This source is defined by a distribution p(m) over a
set of meanings, M, that the speaker can represent. Each mean-
ing reflects a subjective belief about the state of the environment.
If the speaker’s intention is m 2M, this indicates that she wishes
to communicate her belief that U ⇠m(u). We consider a color
communication model in which U is restricted to colors and each
m 2M is a distribution over colors.

The speaker communicates m by producing a word w , taken
from a shared lexicon of size K . The speaker selects words
according to a naming policy q(w |m). This distribution is
a stochastic encoder that compresses meanings into words.
Because we focus on the uncertainty involved in compressing
meanings into words, rather than the uncertainty involved in
transmission, we assume an idealized noiseless channel that con-
veys its input unaltered as its output. This channel may have a
limited capacity, which imposes a constraint on the available lex-
icon size. In this case, the listener receives w and interprets it as
meaning m̂ based on her interpretation policy q(m̂|w), which is a
decoder. We focus on the efficiency of the encoder and therefore
assume an optimal Bayesian listener with respect to the speaker
(see SI Appendix, section 1.2 for derivation), who interprets every
word w deterministically as meaning

A

B

Fig. 1. (A) Shannon’s (23) communication model. In our instantiation of
this model, the source message M and its reconstruction M̂ are distributions
over objects in the universe U . We refer to these messages as meanings. M is
compressed into a code, or word, W . We assume that W is transmitted over
an idealized noiseless channel and that the reconstruction M̂ of the source
message is based on W . The accuracy of communication is determined by
comparing M and M̂, and the complexity of the lexicon is determined by the
mapping from M to W . (B) Color communication example, where U is a set
of colors, shown for simplicity along a single dimension. A specific meaning
m is drawn from p(m). The speaker communicates m by uttering the word
“blue,” and the listener interprets blue as meaning m̂.

m̂w (u)=
X

m2M

q(m|w)m(u), [1]

where q(m|w) is obtained by applying Bayes’ rule with respect to
q(w |m) and p(m).

In this model, different color-naming systems correspond
to different encoders, and our goal is to test the hypothe-
sis that encoders corresponding to color-naming systems found
in the world’s languages are information-theoretically effi-
cient. We next describe the elements of this model in further
detail.

Encoders. Our primary data source for empirically estimating
encoders was the World Color Survey (WCS), which contains
color-naming data from 110 languages of nonindustrialized soci-
eties (24). Native speakers of each language provided names for
the 330 color chips shown in Fig. 2, Upper. We also analyzed
color-naming data from English, collected relative to the same
stimulus array (25). We assumed that each color chip c is asso-
ciated with a unique meaning mc and therefore estimated an
encoder ql(w |mc) for each language l from the empirical dis-
tribution of word w given chip c (see data rows in Fig. 4 for
examples). Each such encoder corresponds to a representative
speaker for language l , obtained by averaging naming responses
over speakers.

Meaning Space. In our formulation, colors are mentally rep-
resented as distributions. Following previous work (6, 8), we
ground these distributions in an established model of human
color perception by representing colors in 3D CIELAB space
(Fig. 2, Lower) in which Euclidean distance between nearby
colors is correlated with perceptual difference. We define the
meaning associated with chip c to be an isotropic Gaussian cen-
tered at c, namely mc(u)/ exp

�
� 1

2�2 ku � ck2
�
. mc reflects the

speaker’s subjective belief over colors that is invoked by chip
c, and the scale of these Gaussians reflects her level of per-
ceptual uncertainty. We take �2 =64, which corresponds to a
distance over which two colors can be comfortably distinguished
(SI Appendix, section 6.3).

Cognitive Source. The cognitive source p(m) specifies how often
different meanings m must be communicated by a speaker.
In principle, different cultures may have different communica-
tive needs (8); we leave such language-specific analysis for
future work and instead consider a universal source for all lan-
guages. Previous studies have used the uniform distribution for
this purpose (8, 10); however, it seems unlikely that all col-
ors are in fact equally frequent in natural communication. We
therefore consider an alternative approach, while retaining the
uniform distribution as a baseline. Specifically, we focus on
a source that is derived from the notion of least informative
(LI) priors (Materials and Methods), a data-driven approach that
requires minimal assumptions. This approach also accounts for
the data better than another approach based on image statistics
(SI Appendix, section 7.2).

Bounds on Semantic Efficiency
From an information-theoretic perspective, an optimal encoder
minimizes complexity by compressing the intended message M
as much as possible, while maximizing the accuracy of its inter-
pretation M̂ (Fig. 1A). In general, this principle is formalized by
rate distortion theory (RDT) (19). In the special case in which
messages are distributions, the IB principle (14) provides a nat-
ural formalization. In IB, as in RDT (SI Appendix, section 1.3),
the complexity of a lexicon is measured by the number of bits
of information that are required for representing the intended
meaning. In our formulation the speaker represents her intended

7938 | www.pnas.org/cgi/doi/10.1073/pnas.1800521115 Zaslavsky et al.
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We derive a principled information-theoretic account of cross-

language semantic variation. Specifically, we argue that lan-

guages efficiently compress ideas into words by optimizing the

information bottleneck (IB) trade-off between the complexity and

accuracy of the lexicon. We test this proposal in the domain

of color naming and show that (i) color-naming systems across

languages achieve near-optimal compression; (ii) small changes

in a single trade-off parameter account to a large extent for

observed cross-language variation; (iii) efficient IB color-naming

systems exhibit soft rather than hard category boundaries and

often leave large regions of color space inconsistently named,

both of which phenomena are found empirically; and (iv) these

IB systems evolve through a sequence of structural phase transi-

tions, in a single process that captures key ideas associated with

different accounts of color category evolution. These results sug-

gest that a drive for information-theoretic efficiency may shape

color-naming systems across languages. This principle is not spe-

cific to color, and so it may also apply to cross-language variation

in other semantic domains.

information theory | semantic typology | color naming | categories |
language evolution

L
anguages package ideas into words in different ways. For
example, English has separate terms for “hand” and “arm,”

“wood” and “tree,” and “air” and “wind,” but other languages
have single terms for each pair. At the same time, there are uni-
versal tendencies in word meanings, such that similar or identical
meanings often appear in unrelated languages. A major question
is how to account for such semantic universals and variation of
the lexicon in a principled and unified way.

One approach to this question proposes that word meanings
may reflect adaptation to pressure for efficient communication—
that is, communication that is precise yet requires only minimal
cognitive resources. On this view, cross-language variation in
semantic categories may reflect different solutions to this prob-
lem, while semantic commonalities across unrelated languages
may reflect independent routes to the same highly efficient
solution. This proposal, focused on linguistic meaning, echoes
the invocation of efficient communication to also explain other
aspects of language (e.g., refs. 1–4).

Color is a semantic domain that has been approached in
this spirit. Recent work has relied on the notion of the “infor-
mativeness” of word meaning, has often cast that notion in
terms borrowed from information theory, and has accounted for
several aspects of color naming across languages on that basis (5–
10). Of particular relevance to our present focus, Regier, Kemp,
and Kay (ref. 8, henceforth RKK) found that theoretically effi-
cient categorical partitions of color space broadly matched major
patterns of color naming seen across languages—suggesting that
pressure for efficiency may indeed help to explain why languages
categorize color as they do.

However, a fundamental issue has been left largely unad-
dressed: how a drive for efficiency may relate to accounts of
color category evolution. Berlin and Kay (11) proposed an evo-
lutionary sequence by which new terms refine existing partitions
of color space in a discrete order: first dark vs. light, then red,
then green and yellow, then blue, followed by other basic color

categories. RKK’s efficient theoretical color-naming systems cor-
respond roughly to the early stages of the Berlin and Kay
sequence, but they leave the transitions between stages unexam-
ined and are based on the false (9, 12, 13) simplifying assumption
that color-naming systems are hard partitions of color space.
In actuality, color categories are a canonical instance of soft
categories with graded membership, and it has been argued
(12, 13) that such categories may emerge gradually in parts
of color space that were previously inconsistently named. Such
soft category boundaries introduce uncertainty and therefore
might be expected to impede efficient communication (9). Thus,
it remains an open question whether a hypothesized drive for
efficiency can explain not just discrete stages of color category
evolution, but also how systems evolve continuously from one
stage to the next, and why inconsistent naming patterns are
sometimes observed.

Here, we argue that a drive for information-theoretic effi-
ciency provides a unified formal explanation of these phenom-
ena. Specifically, we argue that languages efficiently compress
ideas into words by optimizing the trade-off between the com-
plexity and accuracy of the lexicon according to the information
bottleneck (IB) principle (14), an independently motivated for-
mal principle with broad scope (15–17), which is closely related
(ref. 18 and SI Appendix, section 1.3) to rate distortion theory
(19). We support this claim by showing that cross-language vari-
ation in color naming can be explained in IB terms. Our findings
suggest that languages may evolve through a trajectory of effi-
cient solutions in a single process that synthesizes, in formal
terms, key ideas from Berlin and Kay’s (11) theory and from
more continuous accounts (12, 13) of color category evolution.
We also show that soft categories and inconsistent naming can
be information-theoretically efficient.

Significance

Semantic typology documents and explains how languages

vary in their structuring of meaning. Information theory

provides a formal model of communication that includes a

precise definition of efficient compression. We show that

color-naming systems across languages achieve near-optimal

compression and that this principle explains much of the vari-

ation across languages. These findings suggest a possible

process for color category evolution that synthesizes continu-

ous and discrete aspects of previous accounts. The generality

of this principle suggests that it may also apply to other

semantic domains.
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Our work focuses on data compression, in contrast with work
that views language in information-theoretic terms but focuses
instead on channel capacity (2–4, 7, 20), including work on lan-
guage evolution (21). Our work also further (e.g., refs. 7 and 22)
links information theory to the study of meaning, a connection
that has been contested since Shannon’s (23) foundational work.
IB has previously been used to find semantically meaningful clus-
ters of words (ref. 15; see also ref. 22), but has not previously
been used to account for word meanings as we do here.

Communication Model
To define our hypothesis precisely, we first formulate a basic
communication scenario involving a speaker and a listener.
This formulation is based on Shannon’s classical communica-
tion model (23), but specifically concerns messages that are
represented as distributions over the environment (Fig. 1). We
represent the environment, or universe, as a set of objects U . The
state of the environment can be any object u 2U , and we let U
be a random variable that represents a possible state. We define
a meaning to be a distribution m(u) over U and assume the exis-
tence of a cognitive source that generates intended meanings for
the speaker. This source is defined by a distribution p(m) over a
set of meanings, M, that the speaker can represent. Each mean-
ing reflects a subjective belief about the state of the environment.
If the speaker’s intention is m 2M, this indicates that she wishes
to communicate her belief that U ⇠m(u). We consider a color
communication model in which U is restricted to colors and each
m 2M is a distribution over colors.

The speaker communicates m by producing a word w , taken
from a shared lexicon of size K . The speaker selects words
according to a naming policy q(w |m). This distribution is
a stochastic encoder that compresses meanings into words.
Because we focus on the uncertainty involved in compressing
meanings into words, rather than the uncertainty involved in
transmission, we assume an idealized noiseless channel that con-
veys its input unaltered as its output. This channel may have a
limited capacity, which imposes a constraint on the available lex-
icon size. In this case, the listener receives w and interprets it as
meaning m̂ based on her interpretation policy q(m̂|w), which is a
decoder. We focus on the efficiency of the encoder and therefore
assume an optimal Bayesian listener with respect to the speaker
(see SI Appendix, section 1.2 for derivation), who interprets every
word w deterministically as meaning

A
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Fig. 1. (A) Shannon’s (23) communication model. In our instantiation of
this model, the source message M and its reconstruction M̂ are distributions
over objects in the universe U . We refer to these messages as meanings. M is
compressed into a code, or word, W . We assume that W is transmitted over
an idealized noiseless channel and that the reconstruction M̂ of the source
message is based on W . The accuracy of communication is determined by
comparing M and M̂, and the complexity of the lexicon is determined by the
mapping from M to W . (B) Color communication example, where U is a set
of colors, shown for simplicity along a single dimension. A specific meaning
m is drawn from p(m). The speaker communicates m by uttering the word
“blue,” and the listener interprets blue as meaning m̂.

m̂w (u)=
X

m2M

q(m|w)m(u), [1]

where q(m|w) is obtained by applying Bayes’ rule with respect to
q(w |m) and p(m).

In this model, different color-naming systems correspond
to different encoders, and our goal is to test the hypothe-
sis that encoders corresponding to color-naming systems found
in the world’s languages are information-theoretically effi-
cient. We next describe the elements of this model in further
detail.

Encoders. Our primary data source for empirically estimating
encoders was the World Color Survey (WCS), which contains
color-naming data from 110 languages of nonindustrialized soci-
eties (24). Native speakers of each language provided names for
the 330 color chips shown in Fig. 2, Upper. We also analyzed
color-naming data from English, collected relative to the same
stimulus array (25). We assumed that each color chip c is asso-
ciated with a unique meaning mc and therefore estimated an
encoder ql(w |mc) for each language l from the empirical dis-
tribution of word w given chip c (see data rows in Fig. 4 for
examples). Each such encoder corresponds to a representative
speaker for language l , obtained by averaging naming responses
over speakers.

Meaning Space. In our formulation, colors are mentally rep-
resented as distributions. Following previous work (6, 8), we
ground these distributions in an established model of human
color perception by representing colors in 3D CIELAB space
(Fig. 2, Lower) in which Euclidean distance between nearby
colors is correlated with perceptual difference. We define the
meaning associated with chip c to be an isotropic Gaussian cen-
tered at c, namely mc(u)/ exp

�
� 1

2�2 ku � ck2
�
. mc reflects the

speaker’s subjective belief over colors that is invoked by chip
c, and the scale of these Gaussians reflects her level of per-
ceptual uncertainty. We take �2 =64, which corresponds to a
distance over which two colors can be comfortably distinguished
(SI Appendix, section 6.3).

Cognitive Source. The cognitive source p(m) specifies how often
different meanings m must be communicated by a speaker.
In principle, different cultures may have different communica-
tive needs (8); we leave such language-specific analysis for
future work and instead consider a universal source for all lan-
guages. Previous studies have used the uniform distribution for
this purpose (8, 10); however, it seems unlikely that all col-
ors are in fact equally frequent in natural communication. We
therefore consider an alternative approach, while retaining the
uniform distribution as a baseline. Specifically, we focus on
a source that is derived from the notion of least informative
(LI) priors (Materials and Methods), a data-driven approach that
requires minimal assumptions. This approach also accounts for
the data better than another approach based on image statistics
(SI Appendix, section 7.2).

Bounds on Semantic Efficiency
From an information-theoretic perspective, an optimal encoder
minimizes complexity by compressing the intended message M
as much as possible, while maximizing the accuracy of its inter-
pretation M̂ (Fig. 1A). In general, this principle is formalized by
rate distortion theory (RDT) (19). In the special case in which
messages are distributions, the IB principle (14) provides a nat-
ural formalization. In IB, as in RDT (SI Appendix, section 1.3),
the complexity of a lexicon is measured by the number of bits
of information that are required for representing the intended
meaning. In our formulation the speaker represents her intended
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We derive a principled information-theoretic account of cross-

language semantic variation. Specifically, we argue that lan-

guages efficiently compress ideas into words by optimizing the

information bottleneck (IB) trade-off between the complexity and

accuracy of the lexicon. We test this proposal in the domain

of color naming and show that (i) color-naming systems across

languages achieve near-optimal compression; (ii) small changes

in a single trade-off parameter account to a large extent for

observed cross-language variation; (iii) efficient IB color-naming

systems exhibit soft rather than hard category boundaries and

often leave large regions of color space inconsistently named,

both of which phenomena are found empirically; and (iv) these

IB systems evolve through a sequence of structural phase transi-

tions, in a single process that captures key ideas associated with

different accounts of color category evolution. These results sug-

gest that a drive for information-theoretic efficiency may shape

color-naming systems across languages. This principle is not spe-

cific to color, and so it may also apply to cross-language variation

in other semantic domains.

information theory | semantic typology | color naming | categories |
language evolution

L
anguages package ideas into words in different ways. For
example, English has separate terms for “hand” and “arm,”

“wood” and “tree,” and “air” and “wind,” but other languages
have single terms for each pair. At the same time, there are uni-
versal tendencies in word meanings, such that similar or identical
meanings often appear in unrelated languages. A major question
is how to account for such semantic universals and variation of
the lexicon in a principled and unified way.

One approach to this question proposes that word meanings
may reflect adaptation to pressure for efficient communication—
that is, communication that is precise yet requires only minimal
cognitive resources. On this view, cross-language variation in
semantic categories may reflect different solutions to this prob-
lem, while semantic commonalities across unrelated languages
may reflect independent routes to the same highly efficient
solution. This proposal, focused on linguistic meaning, echoes
the invocation of efficient communication to also explain other
aspects of language (e.g., refs. 1–4).

Color is a semantic domain that has been approached in
this spirit. Recent work has relied on the notion of the “infor-
mativeness” of word meaning, has often cast that notion in
terms borrowed from information theory, and has accounted for
several aspects of color naming across languages on that basis (5–
10). Of particular relevance to our present focus, Regier, Kemp,
and Kay (ref. 8, henceforth RKK) found that theoretically effi-
cient categorical partitions of color space broadly matched major
patterns of color naming seen across languages—suggesting that
pressure for efficiency may indeed help to explain why languages
categorize color as they do.

However, a fundamental issue has been left largely unad-
dressed: how a drive for efficiency may relate to accounts of
color category evolution. Berlin and Kay (11) proposed an evo-
lutionary sequence by which new terms refine existing partitions
of color space in a discrete order: first dark vs. light, then red,
then green and yellow, then blue, followed by other basic color

categories. RKK’s efficient theoretical color-naming systems cor-
respond roughly to the early stages of the Berlin and Kay
sequence, but they leave the transitions between stages unexam-
ined and are based on the false (9, 12, 13) simplifying assumption
that color-naming systems are hard partitions of color space.
In actuality, color categories are a canonical instance of soft
categories with graded membership, and it has been argued
(12, 13) that such categories may emerge gradually in parts
of color space that were previously inconsistently named. Such
soft category boundaries introduce uncertainty and therefore
might be expected to impede efficient communication (9). Thus,
it remains an open question whether a hypothesized drive for
efficiency can explain not just discrete stages of color category
evolution, but also how systems evolve continuously from one
stage to the next, and why inconsistent naming patterns are
sometimes observed.

Here, we argue that a drive for information-theoretic effi-
ciency provides a unified formal explanation of these phenom-
ena. Specifically, we argue that languages efficiently compress
ideas into words by optimizing the trade-off between the com-
plexity and accuracy of the lexicon according to the information
bottleneck (IB) principle (14), an independently motivated for-
mal principle with broad scope (15–17), which is closely related
(ref. 18 and SI Appendix, section 1.3) to rate distortion theory
(19). We support this claim by showing that cross-language vari-
ation in color naming can be explained in IB terms. Our findings
suggest that languages may evolve through a trajectory of effi-
cient solutions in a single process that synthesizes, in formal
terms, key ideas from Berlin and Kay’s (11) theory and from
more continuous accounts (12, 13) of color category evolution.
We also show that soft categories and inconsistent naming can
be information-theoretically efficient.

Significance

Semantic typology documents and explains how languages

vary in their structuring of meaning. Information theory

provides a formal model of communication that includes a

precise definition of efficient compression. We show that

color-naming systems across languages achieve near-optimal

compression and that this principle explains much of the vari-

ation across languages. These findings suggest a possible

process for color category evolution that synthesizes continu-

ous and discrete aspects of previous accounts. The generality

of this principle suggests that it may also apply to other

semantic domains.
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Perspective

Language is primarily a tool for 
communication rather than thought

Evelina Fedorenko1,2 ✉, Steven T. Piantadosi3 & Edward A. F. Gibson1

Language is a de!ning characteristic of our species, but the function, or functions, 
that it serves has been debated for centuries. Here we bring recent evidence from 
neuroscience and allied disciplines to argue that in modern humans, language is a  
tool for communication, contrary to a prominent view that we use language for 
thinking. We begin by introducing the brain network that supports linguistic ability  
in humans. We then review evidence for a double dissociation between language  
and thought, and discuss several properties of language that suggest that it is 
optimized for communication. We conclude that although the emergence of 
language has unquestionably transformed human culture, language does not appear 
to be a prerequisite for complex thought, including symbolic thought. Instead, 
language is a powerful tool for the transmission of cultural knowledge; it plausibly 
co-evolved with our thinking and reasoning capacities, and only re"ects, rather than 
gives rise to, the signature sophistication of human cognition.

Language is estimated to have emerged in humans between 100,000 
and 1,000,000 years ago1. The functions of language and the causal 
drivers in its origins have long been fiercely debated across diverse 
fields, including philosophy, linguistics, cognitive science, evolutionary 
biology and anthropology. Two broad hypotheses have dominated this 
discussion, although they are not mutually exclusive. One proposal is 
that language primarily serves a communicative function—it enables us 
to share knowledge, thoughts, and feelings with one another2–7. Another 
proposal is that language mediates thinking and cognition8–13. The 
specific hypotheses about the role of language in thinking have ranged 
from strong claims that language is necessary for all forms of (at least 
propositional) thought14,15, to weaker claims that language may only be 
critical for, or can facilitate, certain aspects of thinking and reasoning9,16, 
and claims that language helps scaffold certain kinds of learning during 
development but may no longer be needed in mature brains12,17,18 (Box 1).

From an evolutionary fitness standpoint, both the communicative 
and the cognitive functions of language could provide adaptive advan-
tages. An ability to accurately transmit information would plausibly 
facilitate cooperative behaviours such as hunting, scavenging and 
long-distance travel, and enable passing of knowledge and skills to off-
spring (cultural transmission). An improved reasoning capacity would 
plausibly enable more sophisticated planning and decision making, 
creation of better tools and better problem-solving abilities. However, 
hypotheses about the evolutionary origins of cognitive traits are notori-
ously challenging to evaluate19. The primary evidence about the lives 
of early hominins comes from sparse archaeological records. Brains 
do not fossilize, and even if they did, only coarse information about 
brain function could be gleaned from brain size, shape and anatomy. 
Moreover, certain traits may evolve for one reason but subsequently 
serve a different function owing to changes in the species’ ecology:  
a phenomenon known as exaptation20. As a result of these challenges, 
we do not aspire to make strong claims about the evolutionary origins 

of language. We do, however, make an argument about the function of 
language in modern humans and discuss optimization pressures that 
have shaped language.

At least some variants of both the language-for-thought and the 
language-for-communication proposals make testable predictions 
about human cognitive and neural architecture and about the proper-
ties of human languages. Do any forms of thought—our knowledge of 
the world and ability to reason over these knowledge representations—
require language (that is, representations and computations that sup-
port our ability to generate and interpret meaningfully structured word 
sequences)? If some forms of thought require language, then linguistic 
mechanisms should be obligatorily engaged for at least those types of 
thinking and reasoning, and those types of thought should not be pos-
sible without language. If language is a tool for communication, then 
language should show hallmarks of efficient information transfer. Until 
recently, these predictions have been difficult to evaluate. However, 
over the past two decades, knowledge and tools have become available 
that have shed critical light on the function of language. First, substan-
tial advances have been made in deciphering the neural architecture 
of language, providing a clear ‘target’ for evaluating the engagement 
of language-processing mechanisms during various forms of thought. 
Second, massive corpora of diverse languages have become widely 
available, along with a suite of powerful computational tools, often 
based on information theory21, for rigorously characterizing linguistic 
systems. As a result, the time is now ripe to take stock of current evi-
dence on the big and important questions of the function of language 
and its role in human cognition.

The language network in the human brain
Our knowledge of language encompasses knowledge of regularities 
at all levels of linguistic structure, from sounds to sentences, and a 
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Results:  
- Any resolution limit —> tradeoff generalization vs 

processing 
- Resolution emerges independently! 

Take-home

Next:  
- We can steer representations to reduce/increase 

performances (Savietto, ICML 2026) 
- How does compositionality affects the tradeoff? 
- Does this depend on scale? (i.e. What if we renormalize 

representations?) 

Hot takes:  
- All living/cog systems (immune system, cells, your football 

team, etc..) face this tradeoff! What does it imply?
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There is a fundamental tension between two kinds of use of par-
allel distributed computing in network architectures. The first 
focuses on incorporating a variety of interacting constraints 

in the learning and processing of complex representations (‘inter-
active parallelism’). This has been profitably exploited in theories 
of human cognitive function1,2 and, most recently, in the design 
of ‘deep learning’ artificial systems3–5. The second kind of use, in 
contrast, focuses on the capacity of a network to carry out multiple 
processes independently (‘independent parallelism’). This approach 
has been exploited by the massively parallel systems used in most 
modern computing clusters, and optimized by message-passing sys-
tems, such as MPI (message-passing interface)6, that seek to identify 
and distribute independent components of computation.

Recent work has suggested that there is a fundamental tradeoff 
between these two types of parallelism that may help explain fun-
damental features of human cognitive function7. On the one hand, 
we can effortlessly perform many kinds of task at the same time, 
such as walking, talking and responding to our surroundings, all 
of which presumably involve extensive simultaneous computations. 
On the other hand, we are radically constrained in our ability to per-
form other kinds of task concurrently, such as planning a grocery 
list while simultaneously carrying out multidigit mental arithmetic. 
In cognitive psychology, this is attributed to a fundamental distinc-
tion between automatic and control-dependent processing8,9. The 
former is capable of effortless, simultaneous execution, while the 
latter is subject to seriality constraints on performance.

Early theorists proposed two alternative accounts for this con-
straint in control-dependent processing. One suggests that this 
reflects reliance on a centralized, limited capacity mechanism 
(akin to a central processing unit), thus explaining the dramatic 
limitation in the human ability to simultaneously perform mul-
tiple control-dependent tasks. The alternative interpretation sug-
gests that constraints in control-dependent processing reflect the 
purpose, rather than a limitation, of control mechanisms, that is, to 

resolve conflicts that arise from competition among the resources 
required to perform specific combinations of tasks, which them-
selves rely on the shared use of representations10–13.

Although compelling, the latter proposal was not undergirded 
by a formal analysis of the extent to which shared use of representa-
tions constrains processing at the system level. In particular, one 
concern might be that shared use of representations in a system as 
large as the human brain may pose minimal constraints on parallel 
processing. Recently, however, numerical work has shown that even 
modest sharing of representations among tasks can impose radical 
constraints on simultaneous execution due to crosstalk interfer-
ence among tasks, and that the effects of such interference can be 
invariant to network size14,15. Understanding the source of such con-
straints, and explaining them explicitly in mechanistically and for-
mally rigorous terms, remains an important challenge not only for 
understanding human performance—and how it arises from com-
putations in the brain—but also for the design of artificial systems 
that can emulate human performance.

In this Article, we provide a formal analysis of the problem, 
based on a combination of graph theory and statistical mechanics 
of frustrated systems. We illustrate the mechanism by which even 
modest degrees of shared representations impose strong constraints 
on the number of tasks that can be performed simultaneously with-
out the risk of interference from crosstalk between tasks. Our results 
highlight a fundamental tension in network architectures between 
the benefits that accrue from shared representations (that is, flex-
ibility of processing and generalization3–5) and their cost in terms of 
processing efficiency (that is, the number of independent tasks that 
can be performed in parallel7).

Results
Measures of task dependency predict parallel processing capabil-
ity in a trained neural network. To consider the problem of mul-
titasking (that is, concurrent parallel processing) analytically, we 
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The ability to learn new tasks and generalize to others is a remarkable characteristic of both human brains and recent artificial 
intelligence systems. The ability to perform multiple tasks simultaneously is also a key characteristic of parallel architectures, 
as is evident in the human brain and exploited in traditional parallel architectures. Here we show that these two characteristics 
reflect a fundamental tradeoff between interactive parallelism, which supports learning and generalization, and independent 
parallelism, which supports processing efficiency through concurrent multitasking. Although the maximum number of possible 
parallel tasks grows linearly with network size, under realistic scenarios their expected number grows sublinearly. Hence, even 
modest reliance on shared representations, which support learning and generalization, constrains the number of parallel tasks. 
This has profound consequences for understanding the human brain’s mix of sequential and parallel capabilities, as well as for 
the development of artificial intelligence systems that can optimally manage the tradeoff between learning and processing 
efficiency.
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There is a fundamental tension between two kinds of use of par-
allel distributed computing in network architectures. The first 
focuses on incorporating a variety of interacting constraints 

in the learning and processing of complex representations (‘inter-
active parallelism’). This has been profitably exploited in theories 
of human cognitive function1,2 and, most recently, in the design 
of ‘deep learning’ artificial systems3–5. The second kind of use, in 
contrast, focuses on the capacity of a network to carry out multiple 
processes independently (‘independent parallelism’). This approach 
has been exploited by the massively parallel systems used in most 
modern computing clusters, and optimized by message-passing sys-
tems, such as MPI (message-passing interface)6, that seek to identify 
and distribute independent components of computation.

Recent work has suggested that there is a fundamental tradeoff 
between these two types of parallelism that may help explain fun-
damental features of human cognitive function7. On the one hand, 
we can effortlessly perform many kinds of task at the same time, 
such as walking, talking and responding to our surroundings, all 
of which presumably involve extensive simultaneous computations. 
On the other hand, we are radically constrained in our ability to per-
form other kinds of task concurrently, such as planning a grocery 
list while simultaneously carrying out multidigit mental arithmetic. 
In cognitive psychology, this is attributed to a fundamental distinc-
tion between automatic and control-dependent processing8,9. The 
former is capable of effortless, simultaneous execution, while the 
latter is subject to seriality constraints on performance.

Early theorists proposed two alternative accounts for this con-
straint in control-dependent processing. One suggests that this 
reflects reliance on a centralized, limited capacity mechanism 
(akin to a central processing unit), thus explaining the dramatic 
limitation in the human ability to simultaneously perform mul-
tiple control-dependent tasks. The alternative interpretation sug-
gests that constraints in control-dependent processing reflect the 
purpose, rather than a limitation, of control mechanisms, that is, to 

resolve conflicts that arise from competition among the resources 
required to perform specific combinations of tasks, which them-
selves rely on the shared use of representations10–13.

Although compelling, the latter proposal was not undergirded 
by a formal analysis of the extent to which shared use of representa-
tions constrains processing at the system level. In particular, one 
concern might be that shared use of representations in a system as 
large as the human brain may pose minimal constraints on parallel 
processing. Recently, however, numerical work has shown that even 
modest sharing of representations among tasks can impose radical 
constraints on simultaneous execution due to crosstalk interfer-
ence among tasks, and that the effects of such interference can be 
invariant to network size14,15. Understanding the source of such con-
straints, and explaining them explicitly in mechanistically and for-
mally rigorous terms, remains an important challenge not only for 
understanding human performance—and how it arises from com-
putations in the brain—but also for the design of artificial systems 
that can emulate human performance.

In this Article, we provide a formal analysis of the problem, 
based on a combination of graph theory and statistical mechanics 
of frustrated systems. We illustrate the mechanism by which even 
modest degrees of shared representations impose strong constraints 
on the number of tasks that can be performed simultaneously with-
out the risk of interference from crosstalk between tasks. Our results 
highlight a fundamental tension in network architectures between 
the benefits that accrue from shared representations (that is, flex-
ibility of processing and generalization3–5) and their cost in terms of 
processing efficiency (that is, the number of independent tasks that 
can be performed in parallel7).

Results
Measures of task dependency predict parallel processing capabil-
ity in a trained neural network. To consider the problem of mul-
titasking (that is, concurrent parallel processing) analytically, we 
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Figure 3: a. Similarity-identification curves for different values of n and parameterized by bp(ω) →
[0, 1], as described by Equations (7) and (8). b. The colored curves correspond to similarity-
identification values as the number of inputs n varies, for some fixed values of bp(ω). c. Similarity
(top) and identification (bottom) dependence on n for different resolutions.

multiple stimuli [1]. On the one hand, these tasks typically demand generalization (e.g., the processing
of stimuli that involve arbitrary combinations of features, such as color, shape and position). On
the other hand, performance is typically evaluated based on identification accuracy by identifying
individual stimuli. The results above thus suggest that these competing demands run up against the
fundamental tension between identification and generalization accuracy, irrespectively of scale or
architecture (i.e., even in systems with billions of parameters, such as VLMs or the human brain).
When such systems intrinsically value and/or are trained explicitly for generalization, then they will
position themselves into the low-medium resolution/semanticity regime ( Figure 2a). Indeed, we
can show this is the case by explicitly deriving probabilities of success for n-item similarity and
identification tasks.
Theorem 3 (n-item tests). Under the same assumptions of Theorem 1, for the constant noise-free
(! = 0) similarity function g = gω;0 we have that

pnS(ω) = Ep→ε

[
1

n
+

n↑1∑

k=1

(1↑ bp(ω))n↑k ↑ (1↑ bp(ω))n

k

]
, (7)

pnI (ω) = Ep→ε

[
1↑ (1↑ bp(ω))n

nbp(ω)

]
. (8)

Proof. The proof can be found in Appendix A.4.

First, note that, despite their apparently complicated formulations, Equations (7) and (8) are poly-
nomials in bp(ω) for any fixed n and, given their non-linearity, the expected value over the probes
cannot be simplified in general. Thus, for simplicity, we focus on the homogeneous case where
bp(ω) = b(ω) ↓p → M and E disappears.

Under this assumption, both similarity and identification performances are once again parameterized
by b(ω), yielding universal pareto curves independent of M . Figure 3a shows the shape of the
Pareto front for different values of n. As a sanity check, note that, as the resolution goes to b(ω) = 0,
performance approaches perfect identification for any number of simultaneous inputs with no capacity
to generalize pnS(0) = 1/n (chance level).

As shown in Figure 3(b,c), the mapping of one curve into the next is not “uniform”. For any fixed
ω > 0, increasing the number of inputs quickly degrades both identification and generalization
performances. Furthermore, Equation (8) shows that for large n, pnI (ω) ↔ (b(ω)n)↑1: identification
performance decrease as 1/n with a rate given by b(ω). For a model tasked with learning structured
representations of the input space, and thus optimizing for generalization (say, b(ω) ↔ 1/2 for n = 2),
our analyses predict that the capacity to accurately process multiple representations at the same time
will be strongly constrained (Figure 3c).
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Abstract

Intelligent systems must deploy internal representations that are simultaneously
structured—to support broad generalization—and selective—to preserve input
identity. We expose a fundamental limit on this tradeoff. For any model whose
representational similarity between inputs decays with finite semantic resolution
ω, we derive closed-form expressions that pin its probability of correct general-
ization pS and identification pI to a universal Pareto front independent of input
space geometry. Extending the analysis to noisy, heterogeneous spaces and to
n > 2 inputs predicts a sharp 1/n collapse of multi-input processing capacity and
a non-monotonic optimum for pS . A minimal ReLU network trained end-to-end
reproduces these laws: during learning a resolution boundary self-organizes and
empirical (pS , pI) trajectories closely follow theoretical curves for linearly decay-
ing similarity. Finally, we demonstrate that the same limits persist in two markedly
more complex settings—a convolutional neural network and state-of-the-art vi-
sion–language models—confirming that finite-resolution similarity is a fundamen-
tal emergent informational constraint, not merely a toy-model artifact. Together,
these results provide an exact theory of the generalization-identification trade-off
and clarify how semantic resolution shapes the representational capacity of deep
networks and brains alike.

1 Introduction

Background. Modern neural networks have revolutionized the way we perform everyday tasks.
However, they exhibit inherent tradeoffs between information processing and generalization observed
in cognitive systems [1]. These networks utilize distributed representations that enable efficient
generalization in unseen situations [2–4], but suffer from the binding problem —the inability to
maintain associations between features when processing multiple inputs simultaneously [5–7].

To understand how internal representations help to generalize, we build on Shepard’s Universal
Law of Generalization [8, 9], which frames generalization as minimizing distances in psychological
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Representational vs processing capacity

Generalization-multitasking
Without going (for now) into quantum measures, we can formalize the problem of quantifying the coding capacity-processing capacity
tension in the following way.

Let  be a set of noumena and  be a set of features, i.e. entities which can be active or inactive and are responsible for coding noumena.
A code of  is a map  (  standing for "activation") which assigns to each noumenon  a set of active features, i.e. its
codeword. Equivalently, each noumenon is assigned a binary string whose ones correspond to the active features. We call  the space of
codes or codebook.

We assume the coding to be one to one i.e.  if  so that every noumenon is mapped to a unique codeword.

We can visually represent  with a bipartite graph  on the set of nodes  such that each noumenon  is connected to the features in
 it activates.

Equivalently, we can represent the coding with an hypergraph  whose nodes are the noumena and the features are the hyperedges. If we
represent  with a binary matrix , we see that it corresponds to the incidence matrix of .

A code of  is a map 
 

N
a : N → 2F
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Let now  be a probability distribution on . We characterize the informational capabilities of the code by computing the mutual
information:

where  is the random variable which samples from  with prob.  and  is the probability distribution induced on the space of
codes  by .

If the coding is one-to-one, then it is easy to see that  and  the entropy of : all the information is coded
into the features.

Coding capacity (Generalization)

Generalization comes into play when we consider a model which has partial knowledge about the full space of codes. We formalize this by
assuming that the model has access to only some of the features of the coding i.e. some of the columns of .

In detail, let  be a subset of features, we define

which corresponds to considering a subset of the output nodes in the bipartite graph representation.

Dist  on N  induced dist p(x) ℙ(a(x))
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When this restriction ensues, we cannot assume that the coding given by  is one-to-one: there will be in general noumena  with the
same code . In the picture above, under the restriction to , noumena 1,2 and 4 will be coded with the same string

, noumena 3 and 5 with  and 6 with .

This phenomenon of code collision results in the inflation of the induced probability  on some codes, thus decreasing the mutual
information .

Let us define the quantity

which quantifies the average amount of information of the code when only  features are accessible.

A code which is good at generalizing is robust to this restriction and will display a  profile which sharply increases with .

Processing capacity (Multitasking)

With processing capacity we mean the capability of the coding to faithfully encode multiple noumena at the same time.

Representational vs processing capacity
Representation
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Apple —> (1,0,0,0,1)

Banana —> (1,1,0,0,1)
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Apple —> (1,0,0,0,1)

Banana —> (1,1,0,0,1) (Apple, banana) —> (1,1,0,0,1)
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This phenomenon of code collision results in the inflation of the induced probability  on some codes, thus decreasing the mutual
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Let us define the quantity

which quantifies the average amount of information of the code when only  features are accessible.
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If we plot the noumenon-noumenon similarity as a graph, we get the following three configurations:

Their coding and processing capacities are depicted in the following graphs:

Representational vs processing capacity
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Emergence of resolution in 
simple neural 
networks



Implementation
Consider the toy model of superposition architecture . 

The data is composed of  items (encoded as one-hots) + a distance matrix  (circle) 

-th embedding  

I train it using two losses: 

1. Reconstruction loss  

2. Similarity test loss = pick a triplet  and compute the probability

 and then compute Cross Entropy loss  against the true 

index of the closest one w.r.t. 

f(x) = σ(W⊤Wx)

n D
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n
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Reconstruction  Identification pushes for the embeddings to be “ReLU-
orthogonal” 

Similarity pushes for the embeddings to adapt to the metric space structure 

Reconstruction drives the model to put many features in a quasi-orthogonal state 
 Similarity encourages a “metric” resolution  Miller’s law (?) 

≅

⟹ ⟹
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≅
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 σ( f⊤ fi) = 0



Total loss =  

We can look at the training profiles when we change the values of , 

λrec Lrec + λsim Lsim

λrec λsim
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It seems that, even for similarity-
dominated trainings, there is a force 
leading the model to better  at the 
expense of some  (opt. issue?). 

This is an optimization issue but it 
reveals the law’s curve 

The max identification is due to the 
fact that we’re squeezing 30 features 
in 10 dimensions. 

I
G

lr = 0.005, decay = 0.001



Train a single model only on similarity for 500 epochs with 0.001 lr and 0 decay
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Similarity function over time



Train a single model only on similarity for 500 epochs with 0.001 lr and 0 decay
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Similarity function over time



The shape of the similarity function suggests that the constant similarity of the 
theory may not be a good fit. 

If we assume linear “hat” similarities              we can still find the formulae, at 
least for the circle 

 G(ε) =
1
2

+ 2ε − 2(3 − 2 log 2)ε2

I(ε) = 1 − 2(1 − log 2)ε
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Linear decay gives us a great fit! 

Notice that  is  

the radius maximizing 

ε* =
1

2(3 − 2 log 2)
≈ 0.31

G



Multi-item analysis
30 inputs, circle structure, 10 latents, 2000 samples, 1000 epochs, 128 batch size, init scale [0,2] uniform, 0.007 lr, 0 wd, , 
Note: higher number of items means that the model sees proportionally more data in the training process. Probably not the best idea

λsim = 0.1 λrec = 0
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Smaller sim. 
functions as 
the number 
of items gets 
larger



Multi-item analysis
If I plot the multi-item curves for the linear decaying similarity function (by simulation + smoothing), I get the following

102

Not perfect but still quite good

This means that the similarity function learned can be 
approximated by linear for small  but changes when we 
increase.

n
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Figure 6: Visualization of the distance matrix (left) and the learned similarity matrices through
training for the circle (top row) and the segment (bottom row).

Figure 7: Different training trajectories of the toy model with different latent dimensions, visualized
as in Figure 4.

where Lid is a cross-entropy loss for species identification, and Lsim aligns the embedding space
with evolutionary distances. The parameter ω controls the balance between identification and
generalization objectives. During evaluation, we defined similarity using a threshold ε on feature
distances, where distances below ε indicated similarity. This allowed us to systematically study the
generalization-identification tradeoff by varying both ω and ε.

Training details. We trained the model for 15 epochs using SGD with momentum 0.9, weight decay
1e→ 4, and an initial learning rate of 0.001, reduced by a factor of 0.1 when validation performance
plateaued. To handle GPU memory constraints, we used a batch size of 8 with gradient accumulation
over 4 steps (effective batch size 32). We tested ω values ranging from 0.0 to 1.0 with several random
seeds (42-46) to ensure robust results.

The birds dataset was split 64-16-20% for training, validation, and testing, with an additional 15% of
species held out completely as out-of-distribution test data. The evolutionary distance loss (Lsim) was
implemented by computing pairwise distances in feature space and aligning them with normalized
evolutionary distances derived from the phylogenetic tree. This explicitly encouraged the CNN to
map visual features into a space that preserved evolutionary relationships as shown in Figure 8.

Theoretical connections. Our experimental framework directly maps to the theoretical constructs
in Miller’s Law. The identification task measures pI (probability of correct identification), while the
similarity task measures pS (probability of correct similarity judgment). The threshold ϑ corresponds

22
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further from reference dates, similar to what we observed with exponentially decaying similarities
with noise g(x1, x2) = exp(→µd(x1, x2)) +! (bottom row).

Spatial similarity task in VLMs. Finally, we tested the effects of resolution in two Vision-Language
Models (VLMs) (gemma-3-12b-it [31, 34] and Qwen2.5-VL-7B-Instruct [33, 35]), on a visual
spatial similarity task. Four different black shapes were presented to the model in the four corners
of the image (Figure 5c), together with a red cross in a random position. The model was tasked
with indicating which black shape was closest to the red cross, and we recorded accuracy for each
sampled position. Figure 5c shows that, once again, the models display clear resolution limits in their
generalization capabilities, similar to those observed in the year task.

6 Discussion

We have provided a formal theory of the tradeoff between identification and generalization in systems
constrained by finite semantic resolution, building on the formal framework of Frankland et al. [23].
Our closed form expressions reveal a universal Pareto front determined by resolution scale and
stimulus geometry–a fundamental limit that is obeyed in empirical tests of model architectures both
small and large.

Our analysis identifies the optimal resolution for generalization, at which semantic similarity func-
tions tile approximately half of the representational space in discrimination tasks [36]. Beyond this
point, increasing resolution impairs identification as representations become too broadly generalized.
Below it, representations are discriminable, but fail to capture meaningful similarities, thus compro-
mising generalization. This offers an explanation for why both humans and state-of-the-art neural
network models struggle with multi-object reasoning, despite their vast computational resources and
remarkable capabilities in other domains.

The spontaneous emergence of this tradeoff across architectures–from minimal ReLU networks to
vision-language models–is consistent with our analyses and our empirical findings, that are unified
under the hypothesis that finite semantic resolution constitutes an information-theoretic constraint
rather than implementation artifact. This, in turn, provides a rigorous mathematical foundation for
understanding capacity limits in both artificial and biological systems.

Our theory also indicates how competing representational strategies of intelligent systems are tied
to one another: identification demands sharp, distinct representations, while generalization requires
coarse, overlapping ones. This tension is echoed in neuroscience literature on representational
efficiency (coding related items compactly) versus processing efficiency (handling multiple items
jointly) [37–39]. Our analyses also provide a formal explanation for empirical observations in neural
population coding [40, 41], where semantically clustered "neural thesaurus" structures emerge as

gemma-3-12b-it Qwen2.5-VL-7B-Instruct

Figure 5: Empirical resolution tradeoffs across realistic neural architectures. (a) a CNN fine-
tuned on bird recognition shows tradeoff between species identification and generalization to phylo-
genetic similarity as a function of the weights of generalization ω and of the resolution ε. (b) LLMs
tasked with comparing years of birth show different regimes of performances, compatible with the
existence of an emergent finite resolution (↑ 70–80 years). (c) VLMs tasked with spatial proximity
tasks show decreased accuracy beyond a model-specific resolution scale. Details in appendix A.6.
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