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Computation in a deep neural net

Rectified linear unit (RelLLU)
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Gradient descent and SGD

argvf’nin ZE(zi, f(xiiw)) = L(w)

One Iteration of gradient descent:
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Transformer
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Plan

Why Theory?

Genericity implies Optimization

=fficient Turing computabllity implies
Compositionality which implies Deep Networks

Foundational Principles: Compositionality,
Genericity...



Genericity and Optimization

Genericity and Optimization
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Why does local gradient descent succeed in optimizing deep networks, despite the non-convex nature of
the loss landscape? The proposal is that the answer lies in a property of learnable functions we call
Genericity:

* it makes sense to only learn generic functions — functions with structure invariant to basic transformations like
shifts in the coordinate origin; non-generic functions have measure zero.
» generic functions always have "linear footprints” —low degree correlations—that allow gradient descent to work.
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Caveat

Genericity and Compositional Sparsity
are more about the functions to be learned
than about networks



Several puzzles in Al are solved by
Compositional Sparsity



What is the curse of dimensionality?
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Theory says that both shallow and deep network can approximate a
function of d variables equally well. It says that both should suffer
from the curse of dimensionality: number of parameters depends

exponentiallyon d: N = 0(6_%)

1000
As an example for a CIFAR image N =~ (0.17"1 ) ~ 10"

Mhaskar, Poggio, Liao, 2016



Compositional Sparsity answers several of the puzzles of Deep Learning

Why do kernel machines suffer the curse of dimensionality?

Can deep nets represent/approximate high-dimensional functions?

How can deep nets escape the curse of dimensionality (in approximation)?

Why deep networks? \Why is depth important?

Why are CNINs so much better than dense NN7?

What controls generalization? Norm-like complexity, sparsity, rank?

Are all functions that can be computed by physical systems sparse?




Compositionality



Compositionality in
Computer Science and Language

Compositionality is a foundational principle in both
computer science and natural language that enables
scalability, generalization, and interpretapility. At its
core, compositionality means building complex
systems or meanings from simpler parts in a structured
way.



Definitions



Definition: Compositional Sparsity

A functionf : X 45 Tis compositionally sparse If it can be

represented as the composition of at most O(poly(d))
constituent functions each of which is sparse, 1.e., depends on

at most a constant (small) number of variables (so that it does
not suffer the curse of dimensionality).

A compositionally sparse function can be represented in terms
of a DAG (Directed Acyclic Graph), in which the leaves represent

the Inputs, the root denotes the output function, and the internal
nodes represent the constituent functions.




Note on Sparse Compositionality

| use the term Sparse Compositionality to emphasize simplicity of
constituent functions (compositionality is always trivially true

because f = I o f). Notice that sparse compositionality is in
general not unique: if f=g;og;_1°...°8 = g o g with

g=gL_1°°g1



Definition: Efficient Turing computabillity

If fis efficiently computable then it is approximable to arbitrary

precision by a Boolean function in class P operating on

bitstring representations of its inputs. his also means that

efficiently computable functions can be computed in non-
exponential time.



Theorems



Theorem: efficient computability implies compositional sparsity
and the latter implies existence of a deep network representation

f a functions Is efficiently Turing computable then

1. 1t IS compositionally sparse, In the sense of a sparse DAG:

2. there exists a deep network that approximates it arbitrarily
well without curse of dimensionality

Poggio, Fraser, Bulletin of the AMS, 2024



Proof



Theorem 1 (TM = LTF circuits = bounded-fan-in Boolean DAGs). Ler f : {0,1}" — {0,1} be
computable by a deterministic Turing machine M in time 1'(n). Then for each input length n there
exists:

1. a Boolean circuit C2°°! of size and depth poly(T(n)) computing f on {0,1}";

LTF
Cn

2. a (linear) threshold circuit of size poly(1'(n)) computing f; and

3. a bounded-fan-in Boolean circuit C* of size and depth poly(T(n)) computing f,

yielding a compositionally sparse DAG representation for f at input length n.

Proof. Step 1: Turing machine to Boolean circuits. By standard simulation (configuration graph
unrolling), a deterministic TM running in time 7'(n) on inputs of length n is simulated by a Boolean

circuit C2°°! of size and depth poly(T'(n)). Each time step of M contributes a layer whose gates
enforce the local update rule on tape cells and finite control [1, 7].

Step 2: Boolean circuits to linear threshold circuits. Each Boolean gate (AND, OR, NOT) is a
special case of a linear threshold gate (LTF):

AND(z,y) =Yz +y>2}, OR(z,y)=Yzx+y>1}, NOT(z)=1Y—2>1}.

Replacing each Boolean gate in CE‘”‘ with the corresponding LTF yields C,E‘TF, preserving size up
to a constant factor.

Step 3: Bounding fan-in. An LTF gate on r inputs computes I{Z;l w;x; > 6} for integers
w;, #. This is implemented by a Boolean adder network computing the binary representation of
S = ). w;r; and a comparator circuit checking S > 6. Both components have bounded fan-in (e.g.,
2) and size O(r) with depth O(log ) [1]. Since 7.y < size(CLTF) = poly(T'(n)), the resulting
circuit C}:ﬁ remains polynomial in size and depth.

Step 4: Compositional sparsity. Viewing C,lzﬁ as a DAG with constant in-degree (fan-in < 3) provides
a compositionally sparse representation (Def. 2).




Lemma 1 (Bounded-fan-in circuits for Fy, ... ). If [ is efficiently computable (Def. 1), then for each
(1, Mout ) there exists a bounded-fan-in Boolean circuit C,, ,,_ . of size and depth poly(n + mg,t )
computing F,

,mout "

Lemma 2 (Circuits are compositional DAGs). Viewing each gate of Cy, m,,, as a node with fan-
in < 3 yields a DAG with local arity k < 3, size s = #gates = poly(n + mqu), and depth
L = poly(n + moyt ). Thus { Fy, m,,. } is compositionally sparse.

Lemma 3 (Gate emulation). For standard activations, each Boolean gate g : {0,1}" — {0, 1} with
r < 3 admits a constant-size neural subnetwork N, that computes g exactly on {0,1}", or with
error < £ on a d-neighborhood (size depending only on log(1/<), log(1/4)) [9]. Multi-bit wires are
handled in parallel.

Lemma 4 (Circuit = neural network). Replacing each gate in C,, ,,, . by N, and wiring accordingly
yields a network ®,, ,,, . of size/depth poly(n + my,.) that computes (or e-approximates) F, ,,_ .
on encoded inputs (), (). Choosing sub-gate accuracies so the accumulated error is < 27"™out giyes
the desired precision.

Theorem 2 (Efficient computability = compositional sparsity and neural approximation). If f is
efficiently computable (Def. 1), then for every (n,mqy ) there exist:

1. a compositionally sparse DAG for Fy, m,,,, withk < 3, s < poly(n +meut), L < poly(n+
Mout ) (Lemmas 1-2); and

2. adeep network ®,, ,, . with size/depth poly(n + mg, ) such that
| @n,mou (@n(z)) — f(2)]|, <27™,  Vze[0,1]"

Equivalently, for ¢ = 27 ™t and M = n + [logy(1/<)], there is ®- with size/depth poly(M )
achieving Sup., ”(I)E(Qn(m)) T f(x)”oo < E.



Efficient Computability and
Compositional Sparsity of Functions

FIGURE 4: EFFICIENT COMPUTABILITY AND COMPOSITIONAL SPARSITY

EFFICIENT COMPUTABILITY COMPOSITIONAL SPARSITY

Theorem
« Efficient computability =—>compositional sparsity,

that is, polynomial-time Turing computation = bounded-fan-in computation DAGs

Theorem

Compositional sparsity of the target function —

* NO curse of dimensionality when the approximation is via a deep network
» small bounded-fan-in circuits

» deep nets are universal parametric approximants with non-exponential # parameters



Implications of Sparse Compositionality



1. Autoregressive learning is powerful



The power of next word prediction (that 1s, of autoregressive learning)

From our theorems it follows that every [uring computable
function is learnable *IF* training examples for each of the
constituent functions are available. In other words our results
prove, as a special case, the following (see also Malach, 2023)

Theorem (informal)

Any computer program or intelligent agent that can be simulated by a
computer, can be learned, given the right training set, by a simple next-
token predictor.

Auto-Regressive Next-Token Predictors are Universal Learners, Malach, 2023
On efficiently computable functions, deep networks and sparse compositionality, Poggio, 2025



Autoregressive Universality

Theorem 4 (Autoregressive learnability via compositional sparsity). Let f be efficiently Turing
computable and let (F;, . ) be its finite-precision family. For each (n,m., ) there exists a dataset

Dy, m,,. 0ver sequences encoding the computation DAG of F, . .. such that training a linear (or
shallow) autoregressive next-token predictor on D,, ,,,_ . yields a predictor F’n,mom satisfying

Pr [ﬁ‘n,mout (‘T) — Fnamout (I’)] Z 1 — 5

with sample complexity and training time polynomial in s(n, Mgy, ), log(1/4), and my,. Conse-
quently, composing these predictors yields a neural approximant ®,, ,,, . with accuracy ¢ = 27 ™ow
and size/depth poly(n + mout ). Cf. the universality construction of [4].

Proof idea. Encode each gate evaluation in the computation DAG of F, ,,,_ . as a token and factor
the joint distribution along DAG edges. Under this factorization, local predictors learn gate-wise
conditionals from polynomial data (since fan-in is bounded), and chaining them recovers Fy, ,,,_ .

with high probability. The construction mirrors [4], instantiated on the bounded-fan-in DAG furnished
by Lemmas 1 and 2. []



Thus step—-by-step supervision of partial states is sufficient to
emulate any efficient Turing computation

The reason is that each of the constituent functions is sparse and
sparse Boolean functions are easy to learn

Next Token (s; — s¢+1)
- " A
«] (=) ¥ [

Denoising (s; — s;—1)

Input = Output f(z)

Figure 10.2: Two sides of the same coin. Autoregressive models (top) learn to predict the next
computational state, simulating the Turing machine forward. Diffusion models (bottom) learn to
recover the previous computational state, effectively reversing the computational trajectory (or
denoising it). Both rely on learning local transitions.



2.Compositional sparsity of the function implies sparsity in the
weight matrices of the network

VISUALIZING BINARY TREE CONNECTIONS AS A WEIGHT MATRIX

BINARY TREE WITH EDGE WEICHTS

ADJACENCY/WEIGHT MATRIX REPRESENTATION

Connections for Node A:
A -> B (Weight 5),
A -> C (Weight 12)
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3. Generalization bounds from sparsity



Generalization bounds from sparsity

Theorem 5 (Rademacher Complexity of Sparse Compositions). Let H;, be a class of depth-L RelL.U

networks. Suppose each layer ¢ has a weight matrix Wy with Frobenius norm bounded by M I(f). The
empirical Rademacher complexity is bounded by:

(v/21og(2d))" [Tey M}
VN

For a compositionally sparse network where each node has fan-in k, the matrices Wy are k-sparse

per row. If the non-zero weights are O(1), then |Wy||p < Vs - k, where s is the number of hidden
UNIts.

Rs(Hr) <



Explaining the theorem

Theorem (informal)

Consider a deep RELU network with a n X n dense weight matrix W at a certain layer. Its contribution to the

n
Rademacher complexity of the network is || Wx|| = \/ (Wl =[O Iw P Ixll® < W]
k

Suppose now that W is sparse, that is row 1 contains only kl- Nnon-zeros (ki < n) components. Then each row

k. L
contributes ||w;||*(—||x||*) to the sum in 4 | ( Z w19 |1x||* implying that the contribution of Wx to the
n

k
Rademacher complexity of the network is
23 1112
(2. IhwlH=—x
i
The case of non-overlapping convolution gives \/(Hsz)l\tz = [|w]|||x]| instead of ||W||||x]|

Galanti, Xu, Poggio, Neurolps 2023



4.Mixture of experts



29.7 DeepSeek-V3 MoE Architecture and Training Methodology

We look here at a specific example of an implemented architecture.

29.7.1 Architectural Composition

The DeepSeek-V3 model comprises a total of 61 transformer blocks, structured to integrate dense
processing with sparse, fine-grained specialization.

* Dense Layers: The first 3 blocks (1 — 3) are standard dense transformer layers. In these initial
stages, all parameters are active for every token to establish a foundational representation.

* MoE Layers: The subsequent 58 blocks (4 — 61) utilize the DeepSeekMoE architecture.

Within each of the 58 MoE blocks, the model employs a distinct configuration:

 Expert Allocation: Each block contains 256 fine-grained Routed Experts and 1 designated
Shared Expert.

e Activation Strategy: For any given token, the Shared Expert is always active. Additionally,
the gating mechanism selects the top-8 Routed Experts based on relevance.

heory paper On the Expressive Power of Mixture-of-Experts for Structured Complex Tasks
Mingze Wang Weinan E



https://arxiv.org/search/cs?searchtype=author&query=Wang,+M
https://arxiv.org/search/cs?searchtype=author&query=E,+W

DeepSeek MoE
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29.3 Deep MoE Networks (Compositional Sparsity)

The paper shows that deep MoEs can approximate piecewise functions exhibiting compositional
sparsity, where subtasks depend on small subsets of inputs and are hierarchically composed [129].

 Exponential Capacity: A depth-O(L) MoE with E experts per layer can approximate func-
tions with B distinct pieces, exhibiting an exponential number of structured tasks.

e Comparison: This far surpasses the naive limitation of O(LFE') distinct regions if experts were
used independently:.

* Mechanism: The network depth L enables hierarchical composition, while the expert count
E enables subtask specialization.

e Example: A network with math and language experts can solve combinatorial tasks (e.g.,
3 x 3 =9 tasks like “English Geometry” or “French Algebra”).

Wang and E

On the Expressive Power of Mixture-of-Experts for
Structured Complex Tasks, 2026



Summary

The “universal”’property of Sparse Compositionality of functions/tasks implies

o Autoregressive Training (prediction of the next word) is powerful
e Avoiding curse of dimensionality via depth

e Sparse representations

® Better generalization

o Mixture of experts in LLMs are a good idea

® [ransfer learning: Modules trained on one task can be reused

* Justifies the Lottery Ticket Hypothesis (dense, randomly initialized neural networks contain small subnetworks (the

"winning tickets") that can match the accuracy of the original network when trained in isolation from their original initializations)

* At fixed accuracy, transformer MLP weights should be prunable to sparsity levels
determined by local arity




The answers to puzzles of Deep Learning

Why do kernel machines suffer the curse of dimensionality?

Can deep nets represent/approximate high-dimensional functions?

How can deep nets escape the curse of dimensionality (in approximation)?

Why deep networks? \Why is depth important?

Why are CNINs so much better than dense NN7?

What controls generalization? Norm-like complexity, sparsity, rank?

Are all functions that can be computed by physical systems sparse?
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Summary: (Some) Principles of Deep Learning

PRINCIPLES OF DEEP LEARNING
COMPOSITIONALITY & GENERICITY
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The property of sparse compositionality in formally implied by the property of efficient Turing computabliity. Functions that are efficiently
computable necessarily decompose into bounded-fan-in computational graphs (DAGs). Formally, if f is efficiently computable, then it admits

a representation

— FL) o fL=1) o L o £(D
f=r7ef f

in which each f (£) acts on a small number of variables. Deep networks mirror this structure and thus avoid the curse of dimensionality when
their architecture matches such sparse DAGs. Sparse compositionality implies hierarchy, modularity and reuse of the modules, including

transfer learning

Principle |l: Genericity

Genericity describes a different property: the requirement that learnable functions be invariant in their basic jet structure under shifts of
the coordinates. Genericity implies that the function cannot rely on measure-zero cancellations or extremely fragile high-order interactions.

Once genericity holds, gradient-based optimization is feasible.



There are Additional Principles of Deep
L earning!

...lot more to do!



