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1. Pruning masks are graphs

MO ¢ {0, 1)} 7e X721

A layerwise pruning mask is a bipartite graph.

Source neurons: layer £ — 1.
Target neurons: layer /.

Retained weights are edges.
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‘ ‘ When we prune a neural network, we are not only removing parameters. We are creating a network.
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2. As width grows, what does a sparse neural mask converge to?

— B — 4’__
M, > 7
/£ _'“\1I .‘/-_ IS
Fixed retained fraction Sparse fan-in
— ‘ — - .
K, =00
B —+ 8 21 fallt ()
pp=— —0
Dense / fixed-fraction pruning i n
y 5 : Sublinear fan-in
Graphon-friendly regime Vanishi P,
g ) & ‘anishing-density regime 5

¢ Fixed retained fraction: p, — p > 0.

® Sparse fan-in: &k, = o(n), so p, = k,/n — 0.

® These are different graph-limit regimes.

‘ ‘ Existing Graphon NTK work assumes pruning masks converge to graphons at fixed sparsity level p > 0. |
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3. Raw graphons collapse when density vanishes

Raw graphon collapse in the sparse fan-in regime

1 - 0.18
— i Q. far 5 __4dlogn
W, [l1 = E :Mﬁj — Pn: T If p, — 0, then g
R eR <= — Fik e example widths
Y == 014 W, — 0 in L?
g o and in cut norm.
pn—0 = Wy, — 0in L' and cut norm. r.3 e
%
£ 0.08]
® This is not a failure of graphons in dense regimes. €
= 008 IWarllh = pn—0
e [t is a density boundary. & oi0a
5)
® Raw adjacency mass disappears before z 0.02;
. 5 —0-
normalized structure disappears. &£ 0.00 . . . :
1000 2000 3000 4000 5000
\ Width n

( ‘ ‘ The theorem is almost embarrassingly simple, but it tells us exactly where the graphon coordinate loses information.
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4. Neural mask graphlets
L 4
Gn = (/-LL,na HR, n, Tn: Pﬂ.v (I)’n:)
=1 —1/2 |
In=D; ""M,Dg"", e = D~ My,
r ™ 7 T > 5 i ™ 7
Sparse bipartite mask Degree Normalized Neural Volume
M measures incidence routing (residual
® &, volume / total edge mass. ¢ geometry mass)
l H o0——0
h — e—0
® g, pR: degree mass on both sides. = = = —2Ye =
L O—>
R e "‘3”5 KL,ns MR T, = D;V/*M, Dg'? 1 %
® T,,: normalized incidence geometry. l aSe T oh P,=D;'M,
Degree / fan-in Structure after Message routing Total surviving
. ; o : ‘ mass on both degree scaling operator edge mass
® P,,: neural routing operator. L R (right set) o sidesn g J gl
\

Y

Graphlet decomposition: separates global sparsity, degree/fan-in mass,
normalized geometry, routing, and residual structure beyond degree sequence.

‘ ‘ The graphlet does not just ask how many edges survive. It asks how the surviving edge mass routes signals.
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| sparse ER  vs. sparse SBM
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® Raw graphon contrast goes to 0 for
both sparse ER and sparse SBM.

® Graphlet spectrum separates them.

® Raw graphons see both as zero.

©® Graphlets retain the planted sparse mode.

® Normalization cancels the
vanishing density factor.

02(ER) ~ 0, 0,(SBM)~¢.
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Sparse ER vs sparse SBM: graphon collapse, graphlet survival

Raw graphon contrast collapses
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Graphlet spectrum survives

/
same zero raw graphon limit,
different normalized structure

=8— Sparse SBM: 0, = ¢
== Sparse ER: 0, =0

= = Planted mode £ = 0.6
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\ ‘ ‘ ‘ Raw graphons erase vanishing-density structure; graphlets retain the planted sparse mode.
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Neural masks remain distinguishable after normalization

e Fan-in top-k,, pruning gives B. Normalized graphlet summaries (nontrivial as p,, — 0)
=k,/n — 0.
Pn "’/ ---- Fan-in top-k, ---- Magnitude ~ ------ Random —— SNIP (or SynFlow)
e Raw graphon summaries
grap . N " 4-cycle 2-path Triangle Star
mostly shrink with density. (Ca) (Ps) (Cs) (K13)
e Normalized graphlet summaries I:I —8-0 i T
remain method-dependent.
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e SNIP-like masks show )
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& Caution: These are finite-width diagnostics, not yet a full theorem for arbitrary learned pruning.



Toward sparse neural training dynamics
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e Fan-in normalization makes routing central.
e (Covariance propagation sees P, not raw M.

e This suggests a Graphlet NTK for p,, — 0.

Covariance intuition:

M;;
Cov(zi(x), zi(z)) ~ Z

d;

hj(if)hj(iﬂ’) = (PC);‘,
where ¢; = h;(x)h;(x’).

Therefore: P = D; ' M.

Fan-in normalized operator view

Sources j Target i

Fan-in

N normalized
1
Vd;
- N
Input Row-normalized Routed
covariance =) routing operator = covariance
vector € P ( PC);
\ J .

¢ = hj(;r)hj(x')

From graphon to sparse routing

o =

Fixed-density
masks

! Graphon
NTK

degree-normalized

Sparse fan-in :
routing /

masks

Graphlet NTK
% Z

Graphon NTK is natural for graphon-structured,
fixed-density masks; sparse fan-in points instead
to degree-normalized routing.

& Part of ongoing work.




Graphons before density collapse. Graphlets after density collapse.

7= M
Regime Condition (n - o) Interpretation
L Dense / graphons /
B fixed-fraction regime B = Graphon NTK
b © Sparse fan-i hlet
= ° Sparse fan-in D, = 0 =, graphle s/
St 0 regime sparse routing operators

® Pruning masks are networks.
e Dense-style graphons are appropriate before density collapse.
® Sparse fan-in regimes require degree-aware graphlet coordinates.

® Training dynamics should be studied through normalized routing.

66 “Graphons tell us what survives before density collapse. Graphlets tell us what survives after density collapse.", J
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